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STRESS DISTRIBUTION IN A COMPOSITE COATING BY LOCAL LOADING OF THE FREE SURFACE
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Abstract: A three-dimensional problem of the theory of elasticity for halfspace with multilayered coating with periodical structure is consid-
ered. The fundamental layer consists of two layers with different thicknesses and different mechanical properties. The coating is described
by the homogenized model with microlocal parameters. The solution is derived by using integral Fourier transform. Calculations were con-
ducted with the assumption of elliptical distribution of normal and tangential tractions applied to the surface of the layered system in a cir-
cular area. Analysis of the stresses was restricted to the first principal stress distribution.
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1. INTRODUCTION

In the mechanics of contact interaction, much attention is now
given to coatings used for the improvement of the tribological
characteristics of friction couples. Thus, the coatings formed by
periodically deposited elastic layers are now extensively investi-
gated (Farhat et al., 1997; Voevodin et al., 2001) parallel with the
uniform coatings (Schwarzer 2000; Bargallini et al., 2003;
Kulchytsky-Zhyhailo and Rogowski, 2010) and nonuniform coat-
ings whose mechanical properties are described by continuous
functions of the distance from the surface (Guler and Erdogan,
2007; Liu et al., 2008; Kulchytsky-Zhyhailo and Bajkowski, 2010).
In the analysis of the stressed state, the researchers, as a rule,
focus their attention on the evaluation of the tensile and Huber—
Mises stresses described by the second invariant of the deviator
of the stress tensor.

Considering contact problems for multilayered coatings in
classical approach we need to solve partial differential equations
for every sublayer and satisfy continuity conditions on the inter-
faces.
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Fig. 1. The scheme of the problem

A coating with periodical structure can be replaced by a ho-
mogeneous one by using e.g. homogenized model with microlocal
parameters (Matysiak and Wozniak, 1987; Wozniak, 1987).

As it was show in earlier papers (Kotodziejczyk and Kulchyt-
sky-Zhyhailo, 2013; Kulchytsky-Zhyhailo and Kotodziejczyk, 2005;
Kulchytsky-Zhyhailo, 2011) the stress distribution in the substitute
homogeneous medium is a good approximation of stress distribu-
tion in the multilayered medium when the ratio of thickness
of a fundamental layer to a specific size of contact area is less
than 0.1.

In the present work, we consider a three-dimensional problem
of elastic half space with laminated coating of periodic structure
loaded by normal and tangential tractions.

The multilayered coating is replaced by a homogeneous one
which mechanical properties are described by the homogenized
model with microlocal parameters. The objective of this work is to
determine relations between applied loading and stresses in the
coating and in the substrate as well as analysis of tensile stresses
and Huber-Mises stresses in the coating due to loading applied in
a circular area on the free surface.
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2. FORMULATION OF THE POBLEM

Let us consider a non-uniform elastic half-space loaded by
normal p and tangential z,. traction in the region 2 with the spe-
cific size a on the free surface (Fig. 1). The non-uniform half
space is formed by the homogeneous isotropic half space with
Young’'s modulus E, and Poisson’s ratio v, and a system of two
periodically deposited elastic layers with thicknesses H; and H,
(H = H, + H, is the thickness of the fundamental layer),
Young’'s moduli E; and E,, and Poisson’s ratios v; and v,,
respectively. Assume that the conditions of perfect mechanical
contact are realized between the layers of the coating and be-
tween the coating and the substrate.

Since the nonhomogeneous coating is described by the ho-
mogenized model with microlocal parameters (Matysiak and
Wozniak, 1987; Wozniak, 1987) the governing equations take the
form:

AuY, +0.5(A — AUl + AU, +
+0.5(A + A, U + (A + A,

0.5(A — A %, + AU, +AuY, +
+0.5(A + A, Ul + (A + A Y, =0,

A, +ul, )+ AU, + (A + AU, +ul,)=0,  (10)

where u™® — macro-displacements vector (displacements aver-
aged in a fundamental layer), x, y, z — dimensionless coordinates
(Cartesian coordinates related to a specific size of contact area
a), fx =0/k, k=x,y,2z, A;, i = 1,2,...,5 — coefficients
calculated from known relations (Matysiak and Wozniak, 1987;
Kaczynski, 1994; Kulchytsky-Zhyhailo, 2011; Kotodziejczyk
and Kulchytsky-Zhyhailo, 2013) on the base of mechanical
and geometrical properties of alternating layers:
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Equations (1) have the same form as equations of theory
of elasticity for a transversely isotropic solid. Therefore their solu-
tion can be expressed in terms of elastic potentials proper to a
transversely isotropic medium (Elliot, 1949):

@ _
uy’ = \Pl,x +‘I‘2,X +‘{’3,y ,

1
UE) =Wy, +K,%Y,,, (2a)

o _
uy =Y, +Y%,, -\,
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where elastic potentials satisfy equations:
\Pi,xx + \pi,yy + 7i2\Pi,zz = 0' (2b)
y#, i = 1,2 are roots of the characteristic equation:
AAY" + (A +2AA - ANy + AA =0,
K_7i2A1_A5 y2= 2A
i = v /3 T :
A+ A A=A

Considered boundary problem, formulated in dimensionless
coordinates related to the specific size a of the loading area, leads
to equations of theory of elasticity (2b) defined in the appropriate
homogenized medium and equations

(1-2v,)Au® + grad divu® =0 (3)

defined in the substrate, with boundary conditions:
— normal and tangential tractions on the surface,

O-g) (X, Y, Z) == p(X! y) ' O->(<]z-) (X, Y, h) =Ty (Xv y) ' (43)
ol (xy,h) =0, (xy)e Q, (4b)

— ideal contact between coating and substrate,

u?(x,y,0)=uP (x,y,0),u?(x,y,0)=uP (x,y,0),  (4c)
ul®(x,y,0)=u (x,y,0), (4d)
o (x,y.0)=02(x,¥,0), o (x,y0) =02 (x,y,0), (4e)

o (x,y,0)=0% (xy.0), (49)

yz yz
— vanishing displacement components:
u ud uf >0, x> +y?+2° > —0,i=0,1, (49)

where u®© is the displacement vector in the substrate.

The characteristic feature of the homogenized model is that
it gives different expressions for calculation of the stress tensor
components, which experience a jump on the interfaces between
layers.

0'>(<lx’k) = Kkuil,)x + Lkug,l_)y + Mkug’ k=12, (52)
a§1y'k) = Lkuil,l + Kkug'l‘)y + Mk“ﬁl.la k=12, (50)
o) = Uy b k=12, °d

where o(*¥) s the stress tensor in k — th layer of the fundamen-

tal layer (k = 1,2), Ky, Ly, M, — coefficients calculated from

known expressions (Kaczynski, 1994):

K, =4 +24, —hkﬂkA[L]A, L, =4 —hA, [ﬁ] -,
A+24 A+24

M, =2, —hk;tkM, h=1h=——1_
A+24 1-n
It is essential to note that discussed stresses differ significant-

ly in the individual sublayers composing a fundamental layer
(Kulchytsky-Zhyhailo, 2011; Kulchytsky-Zhyhailo and Kofodziej-
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czyk, 2005; Kotodziejczyk and Kulchytsky-Zhyhailo, 2013).
The remaining stress tensor components can be obtained us-
ing the following relations:

o <ot = AL il b Adtl k=12, 6
o = = AU +ul) k=12, (5e)
o) = ol = Al ul)) k=12, g

3. SOLUTION OF THE POBLEM

General solution of differential equations defined in the coat-
ing and in the substrate we obtain using two-dimensional Fourier
transform:

f(&n,2)= i ” f(x,y,z)exp(—ix& —iyn)dxdy .

The Fourier transforms of the elastic potentials have the fol-
lowing form:

Y = s‘ZaZi_l(é,n)sinh( s(h— z))+
5728, (£,7)cosh(y;'s(h—2)), i =1,2,3.

The solution in the substrate can be expressed as:

(6)

s200(&,m,2)=-1£6(&,m,2)~inz (. 2), (7a)
s200(&,m,2) =76 m,2)+igr & m.2), (7b)
20°(£,m,2) = (dyza, (£,7)+ 28 (£,7))exp(s2), (7¢)
where

251(0)(51 7, Z) = _[(2 +d, )a—1(§' ’7)"" doszaA(‘fv 77)+ (7d)
) ,

+2a,(&,77)s]exp(sz

79(&n.2)=a,(& n)exp(sz). (e)

Formulas (6) and (7) contain 9 unknown functions of the trans-
form parameter. Satisfying boundary conditions we obtain two
systems of algebraic equations to determine unknown functions.
They contain 6 and 3 equations respectively:

(A - Asrs? o () + (A — A,y B (€)= BlE) (B)

(s + Dy (Em) s+ 2)'an(En) =2 ), @0
i’q}/il(aml(é:’n)ci +a2i(§vn)si)+aos =0, (8c)
ZiZ:: (a2i—l(§l77)si + aZi(é:’ﬂ)Ci) (8d)
- (2 + do)afl(fx 77)_ 230(5: 77)5 =0,

Zl:(Ath.?/. Azxazu(gnn)si +a2i(§’77)ci) (8¢)

_;Uo( —1(§v77)+ Zao(é’ﬂ)5)= 0
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Aslzzll( ) (a2|—1(§777)ci +a2i(é:v77)si) (8)

+ 15 ((L+dg a4 (&,77)+ 22, (&,7)s) = 0

yiag (&)= AS—”?(f n), (%)
ag(&.m)s, +a(&.m7)c, +10,(£,77) =0, (9b)
Ay (as(&m)es +a(£,m)sy)— o2y (£,7)=0. (%)

where: ¢, = cosh(yi‘lsh). s, :sinh(;/i‘lsh) i=123.
Solution of these two systems of equations can be normalized
as follows:

_BEn) oyq)_i€T(Em) o)
2(e)- A © s, ) © (10a)
i=-10,...4,
2 (6n) - ) 567 (o0

Solving obtained linear equations and taking into account rela-
tionship between displacements and stresses and elastic poten-
tials we obtain solution of the problem in Fourier transform do-
main.

311 <[ $e2)- 2 sl o) (ta
555)=(S£y2(s 2)- ‘j:f Sils.z )J (&), (110)
oy =-8i7(s.2)p(¢.m), (11
& =T sG)(s.2)plen). (119)
5 = 5. 2)p(e.n). (1)
555)=i?775§2)(8,2)5(§,77), (1)
o =

- 2 - (12a)
- sen)- Z ke ) 256te ) e
56— 1956 (s 2)—st)
Gy = S[(Sxyl(s,z) SE)(s,2))+ (126)

s H(861(5.2)- 255, 2 ()
50 =562, (6m) (120
o\ =
(12d)

-2 sk £ lshsa)-asisalr o)
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55?—[5—2 (s, 2)+ ZZS“(S Z)Jf (&n). (12e)
51 = L{st(s.2)- 3L 2)F (e.m). (129

where the form of introduced functions S depends on the location
of the investigated point. Moreover functions with subscripts xy
defined in the coating depend on the number of a sublayer
in a fundamental layer and are given by:

xyl Zp‘s_l(M K7| kaagzlsi +a£:)cl)‘ J = p’T'k :1'2

SU) = —2A; ykz(agpls +allc) j=prk=12,

i=1

xy3 :_AS /uk( Ss"'a((ir)cg) k=12,

ZA5 (A3 Ay Xag S+a2| i)lj:p’Tl

2
Z K +1)7| (a2|—].C +a2| i) J - p T,
i=1

85 =—7;alc, +al’s,),
where:
S, = sinh( s(h— z)), C = cosh( Ts(h— z)) i=123.

The corresponding functions in the substrate are as follows:
o ASY) = —((2dO +1)ad) +d,szall) +2alls )exp(sz),
4o ASY) = —((dO +2)all) +dyszall) + 23! )s)exp(sz),
Ho'ASY) =
165" ASY) = ((dy +1)a'D + dyszal) + 2al)s lexp(sz), j = .z,

Ho ASSxy3 —Hy Asszs —a7 eXp(SZ)

Taking the inverse Fourier integral transforms, we obtain rela-
tions (in terms of double integrals) between displacement vector
components and stress tensor components in the coating and
in the substrate and functions describing loading distributions.

(0 + dyszad + 220V Jexp(sz),

4. RESULTS AND DISCUSSIONS

Calculations were made under assumptions:

— the tangential tractions are related to the normal tractions
by the Amontons-Coulomb law of friction: 7, = fp where f
is the friction coefficient

2
— the axisymmetrical pressure in the form (pﬂ) =1-72
0

(r? = x? + y?) is applied over a circular area of radius a.

— mechanical properties of the substrate and the coating as well
as the thickness ratio of sublayers forming fundamental layer
were taken from the literature (Voevodin et al., 2001). Details
are given in Tab. 1.
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Tab. 1. Mechanical and geometrical properties elements
of the discussed non-uniform half space

Material E (GPa) v H./H,
substrate Steel 220 0.25

coating TiN 440 0.18 471.2
Ti 120 0.32

The integrals at internal points of the nonuniform half space

(z < h) are taken with the help of the Gaussian quadrature.
Onthe surface z = h , we take into account the asymptotic
behavior of the solution of the system of equations obtained
as the parameter of the integral transformation tends to infinity.
The integrals in which the integrands are replaced by their asymp-
totics are taken analytically. To find the remaining integrals, we
apply the Gaussian quadrature.

Fig. 2 illustrates distributions of the first principal stress o
in sublayers of the coating with greater Young modulus in the
plane y = 0. Figs. (2a) and (2b) show an interaction in case of
normal traction. Contours of o distribution caused by tangential
tractions are shown in Figs. (2c) and (2d). It can be seen that
tensile stresses arise on the unloaded part of the surface of the
half-space. The maximum value of o; appears close to the
pointx = —1, y =0, z=~h and increases with increasing
value of the friction coefficient. For specific thickness of the coat-
ing tensile stresses additionally appear in the vicinity of the coat-
ing-substrate interface.

Fig. 3 show distributions of the second invariant of deviatoric
stress tensor J, (O’HM = \/§]2) in sublayers with greater Young
modulus. It can be distinguished two local maxima of J,: (1) at the
point x = —1, y = 0, z = h (2) on the coating-substrate inter-
face or in its vicinity.

08
06— 0% 0.05
2z 0.4+
0.2 2)
O T T T T T T T
2 15 -1 05 0 0.5 1 15 2
X
0.8
[ _—0go5 01— 05
0.6
z 0.4+
0.2-]
o] T T 0‘05 T 0.1 T T T T b)
2 -15 -1 05 0 0.5 1 1.5 2
X
8 ;
2z 0.4+
0.2*//_\0.05 C)
0 T T T T T T T
2 15 1 05 0 0.5 1 15 2
X
i
0.2-] o
KN 0.05 d)
[} T T T T T T T

-2 -15 -1 -0.5 0 0.5 1 15 2

Fig. 2. Distribution of the first principal stress o in sublayers with greater
Young modulus in regions in which o; > 0.05:
a)h =04,f =0;b)h =08, f =0;c)h =04,
f =025dh =08, f =0.25.
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Fig. 3. Distributions of the second invariant of deviatoric stress tensor J,

in sublayers with greater Young modulus: a) h = 0.4, f = 0;
b)h =08,f =0;c)h =04, f =0.25;
d)h =08, f =0.25

5. CONCLUSIONS

Calculations show that:

— Distribution of the first principal stress o7 in layers with greater

Young modulus is similar to that in a homogeneous coating
when Ecoaring > Esubstrate (Kulchytsky-Zhyhailo and Ro-
gowski, 2007, 2010; Schwarzer, 2000). Values of tensile
stresses (if exist) on the coating-substrate interface are lower
than in a homogeneous coating with the same Young modu-

lus.
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