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Abstract: Nonlinear and periodically switched receivers can cause distortions in current and voltage waveforms within power systems. The
growing use of renewable energy sources introduces electrical energy into the system through power converters, which often produce volt-
ages that approximate a sinusoidal waveform rather than being perfectly sinusoidal. This trend poses increasing challenges in designing
new systems and managing existing ones. A proper description and interpretation of the physical phenomena associated with non-sinusoidal
waveforms have become increasingly important. This paper presents simulation models of power circuits using non-sinusoidal signals and
discusses the energy transfer that occurs within them. It also outlines current computational methods based on circuit theories as they apply
to these systems. The results from the calculations and simulations in various configurations are compared with data obtained from real
objects. The findings highlight fundamental inaccuracies in the methods used and potential errors arising from computer simulations.
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1. INTRODUCTION

To describe the transmission of electrical energy in circuits, var-
ious physical quantities known as powers are utilized, particularly
in systems designed for specific purposes. In the context of single-
phase circuits with sinusoidal current and voltage waveforms, three
key types of power are defined: active power P, reactive power Q,
and apparent power S. Understanding these individual powers is
crucial for both design and operational purposes. Active power,
consumed by businesses, public institutions, or individual house-
holds, forms the basis for financial settlements between energy
suppliers and consumers. Apparent power is equally important, as
it is needed for the proper design of electricity-generating devices
and transmission equipment, including transformers, transmission
lines, and circuit breakers. Reactive power emerges in the system
alongside active power when the load is not purely resistive, lead-
ing to a phase shift between the current flowing through the circuit
and the supply voltage. The concepts of active, reactive, and ap-
parent power in single-phase circuits with sinusoidal voltage u(t)
and current i(t) waveforms were thoroughly described in the 19th
century.

Active power [1]:

1T .

P = ;fo u(t)i(t) dt = Ulcosgp (1)
Reactive power [1]:

Q= %fOTu(t)i (t - E) dt = Ulsing (2)

Apparent power [1]:
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S= \/%fOTuZ(t) dt\/ifUTiZ(t) dt = Ul (3)

where:
U - voltage effective value,
I — current effective value,
¢ — phase shift angle of current relative to voltage.
The relation that connects all types of power is called the power
equation and for sinusoidal waveforms takes the form [1]:

§% = P% + Q2 (4

Power devices designed for the transmission of electrical en-
ergy are developed with the maximum apparent power in consider-
ation. The energy supplied to and consumed by the end user is
characterized by active power. In situations where there is a phase
shift, the active power is less than the apparent power. Conse-
quently, the transmission capacity of devices optimized for appar-
ent power is not fully utilized. This results in higher effective supply
current values, which consequently lead to increased transmission
losses. The parameter that indicates the efficiency with which the
energy source's transmission capacity is utilized by the receiver is
referred to as the Power Factor [1]:

P P
PF = ST ot ()

This factor equals 1 when there is no reactive power present,
meaning the receiver does not induce a phase shift between cur-
rent and voltage. For purely sinusoidal waveforms, the Power Fac-
tor (PF) is represented by cos¢.

In 1892, Charles Proteus Steinmetz conducted an experiment
with an electric arc [2]. In the arrangement shown in Figure 1.

Steinmetz noticed that in a circuit with an arc lamp, despite the
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lack of phase shift, i.e. in the absence of reactive power defined
classically according to equation (2), the apparent power is greater
than the active power [2]:

S>P (6)

Fig. 1. Arc lamp circuit [16]

This means that according to equation (5), the power factor of
the arc lamp is less than 1. The difference between equations (5)
and (6) is due to the presence of a non-sinusoidal current in the
circuit with the arc.

Currently, nonlinear and periodically switched receivers cause
current and voltage waveform distortions in power systems. The
increasingly widespread use of renewable energy sources intro-
duces electricity into the system generated using power converters
that provide voltages that have only an approximate sinusoidal
waveform. Designing new systems and operating current ones is
an increasing challenge. Proper description and interpretation of
physical phenomena in non-sinusoidal waveforms is becoming in-
creasingly important.

Steinmetz's observation initiated a discussion on the energy
properties of circuits with non-sinusoidal waveforms. The debate,
doubts and research continue to this day. The problem is to provide
an unambiguous and universal description of the energy transfer
phenomenon and to define individual powers. The description of
these properties and the set of interpretations of energy phenom-
ena is called power theory.

2. REACTIVE POWER THEORIES

As a result of work over a hundred years, many power theories
have been developed. Many of them are considered imperfect. In
the literature, we can find many works questioning the validity of
individual theories.

The most widespread theory describing energy phenomena oc-
curring in circuits with non-sinusoidal waveforms is the theory pre-
sented by a professor at the Polytechnic University of Bucharest,
C.1. Budeanu [3]. Since the reactive power Q in circuits with sinus-
oidal current and voltage waveforms is calculated from formula (2)
and this power is the amplitude of the oscillating component of the
instantaneous power p(1), i.e. the speed of energy flow between the
power source and the receiver:

p(®) & 228 = u(B)i(t) 7

According to the assumptions of Budeanu's theory, active and
reactive powers for non-sinusoidal waveforms are the sum of the
powers of individual harmonics. So, for active power the definition
is as follows:

P = Zn Unlncosp, = Zn b, (8)
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For reactive power:

QB = Zn UnInSin(pn = Zn QBn (9)

The B index at reactive power Qs means reactive power ac-
cording to Budeanu's theory. The sum of the squares of the active
power and reactive power is less than the square of the apparent
power, therefore the power equation has been supplemented with
the distortion power:

D /ST = (P2 + Q) (10)

The concept of distortion power is relevant only when dealing
with non-sinusoidal currents and is often used to interpret physical
phenomena in these types of circuits. Despite the widespread ac-
ceptance of Budeanu's theory, there are several doubts regarding
its overall accuracy and applicability. Many authors have analyti-
cally demonstrated that Budeanu's interpretation of distortion
power lacks a solid physical basis. In some instances, there is no
correlation between the distortion power (D) and the actual distor-
tion of the waveform. Furthermore, the issue of power compensa-
tion remains unresolved within the framework of this theory.

The second most widespread power theory is presented by
Professor Fryze. He was sceptical of Budeanu's theory and the
analysis that involves decomposing signals through Fourier series.
Professor Fryze argued that it is possible to describe phenomena
in non-sinusoidal circuits without breaking down the signal into in-
dividual harmonics. The foundation of his theory is the assertion
that the receiver with the best energy properties, when viewed from
the power supply side, is one that has no susceptance. This type of
receiver can be represented using conductance G, [4].

P
G, =P (11)

where ||u|| is the effective value of the voltage, which in the
case of harmonic excitation is equal to the square root of the sum
of the squares of the effective values of the individual harmonics,
that is:

lull = v Znllun 12 (12)

The current flowing between the source and the receiver with
the conductance G, has the same course as the supply voltage. It
is called the active current and has the value:

la(t) = Ge - u(t) (13)

This current flows in the circuit if the receiver consumes active
power P. Since the effective value of this current depends on the

active power drawn by the receiver, therefore:
P

liall = llullGe = oo (14)

The remaining part of the current flowing through the receiver
is harmful because it increases the effective value of the supply
current and does not give any useful effects in return. This current
is called reactive current:

Lp(6) = i(6) — ig () (15)

The index F in the equations means quantities according to the
Fryze theory. The receiver current has only two components: active
and reactive:

i(0) = iy (O + ip () (16)

The author of the theory showed that the reactive current is or-
thogonal to the active current. Therefore, the effective values of the
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current components satisfy the relation:
Nll? = Nigl® + llire lI? (17)

By multiplying both sides of the equation by the square of the
effective voltage value we obtain the Fryze power equation:

S?=P2+Q;° (18)
And the reactive power itself is defined as:

Qr = llull = [lirll (19)

The author of the method successfully determined the system's
energy parameters without relying on Fourier series.

In 1972, W. Shepard and P. Zakikhani [5] published another
theory, which proposed that current as a function of time can be
divided into two components: the resistive current i (t) and the
reactive current i,.(t). These components are treated as harmonic
spectra and are orthogonal to each other.

ir(t) =V2X2, I,cos,cos (nw, — a,) (20)
ir(t) = \/22510:1 InSin(anin (TL(A)l - :Bn) (21)
where:

@y, — phase shift between current and voltage harmonics,
a,, — initial phase of n-harmonic current,
B, - initial phase of n-harmonic voltage,
As a consequence, the dependence of the expressed power
was obtained by the formula:

§? =53 +Q? (22)

The equation mentioned above does not account for active
power, which is a primary reason for the criticism of this theory.
Nevertheless, it offers a practical advantage by enabling the deter-
mination of the optimal compensation capacity for inductive load
currents. In subsequent years, the equation was enhanced with the
concept of complementary reactive power, as described by the re-
lationship in reference [6]:

Se = /S —P? (23)
Therefore
§?=P?+Q*+ ¢ (24)

Many theories of electric power have been published to date,
including Buchholz [7], Curtis [8], Depenbrock [9], Kusters and
Moore [10], A. Nabae, H. Akagi, Y. Kanazaway [11] and Czarnecki
[12]. Despite so many theories and such a long time that has
passed in research, we still do not have an answer to the question
of what reactive power is and what it is responsible for. Therefore,
after almost 100 years, Budeanu’s and Fryze's definitions of power
and lllovici's concept of currents and voltages [13] have reappeared
in the circle of interest. The works of many researchers show the
imperfections of individual theories and go towards finding a uni-
versal description of phenomena occurring in systems with non-si-
nusoidal waveforms [14,15,18].

This article explores the potential of using simulation tech-
niques to analyse circuits with non-sinusoidal voltage and current
waveforms. To validate the proposed solutions, both arithmetic cal-
culations and simulation results will be compared against tests con-
ducted on real components. Additionally, the article will examine
the application of Budeanu's theory to a circuit where the current
waveform does not exist throughout the entire period T.
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2.1. Analytical interpretation

As mentioned in the introduction, many theories are supposed
to clearly describe the transfer of energy in both sinusoidal and non-
sinusoidal waveforms. Scientists worldwide are trying to confirm or
disprove the validity of individual theories. In this article, the authors
will try to check the usefulness of simulation methods for verifying
specific examples that are supposed to confirm or disprove individ-
ual theories.

The first example under study is the circuit cited by Professor
Czarnecki in his article [17]. In this article, the author analytically
solves a circuit consisting of a sinusoidal power source with zero
impedance, a triac, and a purely resistive load. The circuit is shown
in Figure 1.

(1)

oo
|

e(t) D u(t)

Fig. 1. Purely resistive circuit with TRIAC [17]

Based on the mathematical proof presented, which relies on
Budeanu's power theory, it can be concluded that in a purely resis-
tive system, reactive power is observed. However, this situation
does not reflect reality, as a purely resistive load cannot store en-
ergy. Consequently, there can be no oscillation of energy between
the source and the load, meaning that reactive power cannot occur.
The current waveform in the circuit, assuming a sinusoidal supply
voltage waveform, is illustrated in Figure 2.

u

L

Fig. 2. Current waveform in the circuit with TRIAC [17]

From the current waveform graph it is clear that the instantane-
ous power of the receiver calculated from formula (25):

p(®) = u(®)i(t) (25)

where:
u(t) - instantaneous voltage value,
i(t) - instantaneous current value,
always takes a positive value, so there is no energy oscillation in
the system.

Continuing the calculations according to Budeanu's theory, the
author calculated the first harmonic of the current signal in the case
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of a typical mains voltage supply u = 220+/2sinwt [V]. Assum-
ing the triac firing angle at « = 135°, the fundamental harmonic
of the current has the value:

i,(t) = V2L sin(wt — @) (26)
i, (t) = 40.32V2sin(wt — 60.28°) [4] (27)
there

Q = Ul;sing, = 7.7 [kVar] (28)

The result obtained from arithmetic calculations should be in-
terpreted in such a way that energy oscillations between the source
and the receiver are not necessary for the occurrence of reactive
power. Such a result does not agree with the physical interpretation
of reactive power.

The first problem we encounter in this situation is the incon-
sistency of the physical interpretation of reactive power with the an-
alytical results obtained.

The second problem is the correct application of Budeanu's
power theory. Indeed, the first harmonic of the current in this circuit
will be shifted relative to the supply voltage, but it should be men-
tioned here that the total reactive power and active power should
be calculated as the sum of the powers of the individual harmonics:

P = U I, cosp, (29)
Q = Uil;sing, (30)

If we assume for power calculations in the circuit that the cur-
rent waveform is distributed into individual harmonics, and leave
the supply voltage in the shape of a pure sinusoid, the results ob-
tained in the article [16] will be confirmed and we will be able to
show the imperfection of the theory. However, if we recall that en-
ergy transfer occurs only when energy is drawn by the receiver, i.e.
only in those time periods in which the current flows, then only these
time periods should be taken into account for the calculations of the
supply voltage. In the case under consideration, it would also be
necessary to analyse the load voltage into individual harmonics us-
ing the Fourier series. With such an application of the power theory,
it turns out that there is no phase shift angle between the first har-
monic of the current and the first harmonic of the voltage -
cosgp, = 1. In such an interpretation of the power theory, we will
not deal with the occurrence of reactive power.

As you can see, algebraic calculations carry many problems
and ambiguities regarding the interpretation of individual issues.
Hence the authors' proposal to try to use simulation tools to verify
the calculations and confirm the results in relation to real physical
phenomena occurring in circuits.

2.2. Simulation studies

Simulation studies were conducted in the MATLAB-Simulink
environment. The circuit depicted in Figure 1 was assembled, with
all component parameters selected according to the analytical cal-
culations. Measurements were taken using a voltmeter and an am-
meter, while power measurements were based on the principles of
Budeanu's theory. The circuit diagram is presented in Figure 3.

The system was built using blocks from the specialized power
systems library. The library allows you to build basic electrical cir-
cuits and perform calculations using three selectable methods:

— Continuous, which uses a variable-step solver from Simulink®;
— Discretization of the electrical system for a solution at fixed time
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steps;
— Continuous or discrete phasor solution.

The powergui block also opens tools for steady-state and sim-
ulation results analysis and for advanced parameter design.

Voliage

x 4389.10]

Apparent power S=Urms"Ims

1226.56)
0.00]
68142

0.00]

27252)f | Reactive power metsr 000
o0 000

Reactive power hamionics

Fig. 3. Circuit diagram in MATLAB-Simulink application

As can be seen in the diagram, in addition to the standard
blocks from the "specialized power systems" library, it contains the
"Active power meter" and "Reactive power meter" blocks. These
are elements created for the needs of the simulations carried out.
Their task is to calculate active and reactive power by the assump-
tions of the Budean theory. The functional diagram of these blocks
is shown in Figure 4. Block -C- is a constant with the value of 2

D
40.33

Magnitude
.
Angle
u
Fourier Analysis
Magnitude
.
] Angle
Fourier Analysis | 1.00
0.00] _m
—
3 500 40.33
—
=
_— 26.10
Display1 0.00

Display?

Fig. 4. MATLAB-Simulink active power meter diagra

The tests were carried out in two variants. In the first, the watt-
meter, consisting of a voltmeter and an ammeter, was connected in
such a way as to measure the source voltage and the current flow-
ing in the circuit (Figure 5a). In the second variant, the voltmeter
was connected to the system in such a way as to measure the volt-
age directly at the receiver (Figure 5b). The use of both variants is
intended to verify whether the theoretical description is universal
enough so that regardless of the connection, the power consumed
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by the only receiver in the system is the same.

a M'rz(ﬁ T b Mm(m T

TRIAC1 a TRIAC1 ]
;
Voltmeter1 L
Voltmeter1
Ammeter1 T Ammeter1 ?
a- rd o - T
< 4 'F

Fig. 5. Connection diagrams a) supply voltage measurement b) voltage
measurement at the receiver

The tests were carried out for 3 different triac ignition angles:
— a = 0" - fully sinusoidal waveform,
— a = 90’ - awaveform in which half of the time passed without
energy transfer
— a = 135’ - waveform with parameters from the article [16]
The simulations at different ignition angles were conducted to
verify the correctness of the simulation operation under different
conditions. At the same time, it was possible to confirm the results
obtained for well-known conditions such as a pure sinusoidal wave-
form. The results of the simulations are presented in Table 1.

Tab. 1. Simulation results table

® @ ] g g S
S|E2| 2| & | 2/¢8| 2| 3
s| €/ 8| 5§ | &8
2 <

KW | kvar | kVA v A
a | 0 | 484 0 484 | 1 220 220
b | 0 | 484 0 484 | 1 220 220
a | 9 | 242 | 154 | 342|071 | 220 | 1556
b | 90 | 238 0 242 | 1 155.6 | 155.6
a | 135 | 44 | 77 | 146 | 03 | 220 66.3
b | 135 | 4.23 0 44 | 1 66.3 | 66.3

The results presented in the table highlight several key obser-
vations: The method of connecting the voltmeter impacts the calcu-
lation of power consumed by the receiver, even when only a single
purely resistive receiver is present in the system. Since a purely
resistive receiver cannot generate reactive power in the circuit, the
simulation results may be inaccurate in certain cases. This issue
arises from a misunderstanding of how to calculate apparent power
and reactive power, particularly when relying on the first harmonic
of the current, as outlined in equation (28). When the wattmeter is
connected as shown in Figure 5(a)—the conventional method used
for energy meters in both residential and industrial settings—the
first harmonic of the current will indeed be phase-shifted relative to
the first harmonic of the total supply voltage. The variations in volt-
ages and currents for this setup are illustrated in Figure 6.

This text presents a simplified application of Budeanu's circuit
theory, focusing on the total supply voltage waveform for calcula-
tions. It is important to remember that energy transfer takes place
only during the moments when both voltage and electric current are
present. Therefore, if current flow does not occur throughout the
entire duration of the supply voltage signal, we should not use the
full supply voltage signal for calculations. Instead, we should only
consider the time intervals in which actual energy transfer occurs.

366

For example, this situation occurs when we connect a voltmeter di-
rectly to the load. In this case, we will observe both the voltage and
current waveforms during energy transfer (see Figure 7).

Fig. 6. Voltage and current waveform for the TRIAC firing angle of 90°
incircuit a)

Fig. 7. Voltage and current waveform for the TRIAC firing angle of 90° in
circuit b)

As can be seen in the graph, the voltage waveform on the re-
ceiver is different from the supply voltage. In this case, if we apply
formulas (29) and (30) to the calculations, we will obtain a result
that is confirmed by physical phenomena. In a circuit with a purely
resistive receiver, there is no reactive power, regardless of the triac
ignition angle. In such a circuit, there is also no phase shift between
individual voltage and current harmonics.

Repeating the calculations from the article in a simulation man-
ner confirmed the results obtained algebraically, provided that the
full supply voltage signal is accepted for calculations. In the case of
using the voltage waveform resulting from the load current wave-
form, the simulation results agree with the physical interpretation of
energy transfer with a resistive load.

In Table 1, slight differences can be observed between active
and apparent power in system b when measuring signals that are
not full sinusoids. At a Triac firing angle of 90°, the apparent power
is 24.2 kVA, while the active power is 23.8 kW, with no reactive
power measured. Similarly, at a firing angle of 135°, the apparent
power is 4.4 kVA and the active power is 4.23 kW, again with no
reactive power. These differences do not stem from any physical
phenomena; rather, they are not errors resulting from the calcula-
tion method used. Instead, these discrepancies arise from the lim-
ited number of harmonics included in the simulation calculations. In
this case, the authors restricted the number of harmonics to 30 to
reduce computation time. These errors can be minimized by
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increasing the number of harmonics, and they do not indicate that
the method is incorrect but rather highlight its limitations.

As can be seen from the simulation results presented above, it
is possible to perform calculations using the specialized power sys-
tems library and obtain results consistent with theoretical assump-
tions. Another problem is the selection of the appropriate mathe-
matical apparatus and the proper interpretation of its assumptions.

2.3. Research on areal object

In order to confirm the correctness of the results obtained by
simulation, the real circuit was tested based on the circuit from Fig-
ure 1. Due to the high current values used for algebraic calculations
and simulation studies, of the order of over 200A, the system for
testing the real object was built with a load of higher resistance in
order to limit the current in the circuit. The scale used does not af-
fect the possibility of confirming the results obtained analytically in
practice. The experiment parameters were selected as follows:

— Supply Voltage 103V RMS,
— Triac firing angles 0°,90°, 135,
— Load Resistance 235Q,

As part of the tested circuit, Gwinstek GPM-8213 wattmeter
were connected, enabling the simultaneous measurement of volt-
age, current, active power, reactive power, apparent power, total
harmonic distortion (THD), and power factor (PF). The results from
the tests conducted on the real object are presented in Table 2.

Tab. 2. Real object results table

S ‘5 qh’ S
@ o @ = = S
BlFE £ |35 | §|8| 2| 3
(=} = g S g 2
(2 <
o w Var VA Vv mA
a 0 431 0 431 103 420
b 0 431 0 431 1 103 420
a 90 209 | 211 29.7 0.71 102.8 288.9
b 90 194 0 194 1 67.6 286.3
a 135 42 | 129 13.5 0.31 102.8 131.6
b 135 4 0 4 1 30.7 129.9
a)
b)

Fig. 8. Real object test results: a) power and power factor measure-
ment, b) signal waveform on a resistive load
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By comparing the results obtained from the simulation in
Table 1 with those from the real object in Table 2, we can conclude
that the simulation studies accurately reflect the nature of physical
phenomena. The measurements taken demonstrate that current
measuring devices, which operate based on established theories,
can sometimes indicate values that do not correspond to real-world
situations. For instance, in the case of a discontinuous signal
throughout the period of changes, a wattmeter may suggest the
presence of reactive power in a circuit that is purely resistive (see
Figure 8).

3. CONCLUSION

The research presented in this article makes several funda-
mental observations.

Theories of power, which have been studied and developed for
over a century, are not completely unambiguous. Researchers
worldwide are attempting to mathematically describe the phenom-
ena occurring in electrical circuits. While this has been successfully
achieved for direct current (DC) and alternating current (AC) with
purely sinusoidal waveforms, there are several challenges when
dealing with non-sinusoidal waveforms. Applying theoretical princi-
ples without considering the specific characteristics of a given cir-
cuit and separating calculations from physical interpretations can
lead to erroneous conclusions, such as the appearance of reactive
power in a circuit with a resistive load.

Simulation studies facilitate a significant simplification and ac-
celeration of circuit analysis compared to analytical methods. How-
ever, itis crucial to ensure that, similar to theoretical considerations,
the research reflects the real physical phenomena occurring in the
circuit being studied.

In both methods of solving circuits, a key condition is that en-
ergy transfer occurs only during the flow of electric current. There-
fore, with discontinuous signals, the effective value of the supply
voltage cannot simply be used; instead, the actual effective value
of the voltage must be calculated based on instantaneous values.
In this context, the RMS value of the supply voltage does not equal
the effective value of the voltage at the load.

Currently manufactured digital measuring instruments calculate
the apparent power as the product of the RMS supply voltage and
the RMS current flowing through the circuit. This can lead to incor-
rect calculations of reactive power and power factor (PF) values,
especially when the signals are not purely sinusoidal.

In the next phase of research, the authors aim to develop an
analytical approach to describe the phenomena occurring in elec-
trical circuits while addressing the identified imperfections.
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