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Abstract: The current investigation is made to find the analytical solutions of the quasi- SV, SH and P-waves in an inhomogeneous
transversely isotropic medium. The paper includes the heterogeneity as an exponential type in density as well as in Young's, and shear
modulus with respect to the depth parameter z. Using the Hooke's law, stress-strain and strain-displacement relation in the equation
of motion, the phase velocity of the above quasi waves can be evaluated. Again, with the help of analytic solution procedure, the equation
of motion will convert to eigen value problem and subsequently the closed-form relation for the quasi velocities will formed. Using the
numerical simulations and mathematical calculations, the propagation pattern has been studied. This present finding results the outcome
of the heterogeneity constants for different velocities. Two-dimensional graphs have been plotted to show the prominent effect of phase
velocity on the surface. The study on quasi wave's may be helpful geophysicists and civil engineers to overcome the problems related

to earthquake.
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1. INTRODUCTION

In recent days, geologists have shown their greatest interest in
anisotropic media, which comes under geophysics and various
branches of engineering such as earthquake and petroleum engi-
neering and soil dynamics. Watanabe [1] discussed the deposition
of typical naturally occurring soils, such as flocculated clays, varied
silts, or sands, in a process called sedimentation that occurs for a
long period of time. The overburden may cause the soil medium to
exhibit anisotroipic and heterogeneous deformability. Sometimes,
due to a different source, i.e., an explosion or other related phe-
nomena, the energy that propagates inside or on the Earth's sur-
face is known as elastic waves. These waves propagate in different
directions from the focus point (which is also known as the epicen-
tre), through the body or interior of the surface, known as body
waves, and on the surface, called surface waves. The magnitude
of the waves can be recorded with the help of an instrument called
a seismograph, which is basically kept near the epicenter. The fre-
quency of body waves is higher in comparison to surface waves.

The seismic waves are basically divided into two categories,
i.e., primary waves (P-waves) and secondary waves S-waves). Pri-
mary waves move faster among the seismic waves, which are also
called compressional waves since the waves are perpendicular to
the surface. However, the S-waves are called shear waves, where
the seismic energy transverses to medium. The body's waves are
sometimes called quasi-waves due to their polarization nature, in
which waves are not exactly normal or parallel to the plane (energy
propagation). Gibson [2] continues the study on the above quasi-
waves to calculate the impact of the depth, orthotropy, and inhomo-
geneity, which lie on a surface of thickness 110 ft, upon a rigid base.
t the same moment, Levin [3] discovered P-wave, SV-wave, and
SH-wave velocities with the help of a cross-anisotropic medium.

Gazetas [4] explored the influence of transversely isotropic half-

space on the surface of the medium. In the year 2019, Vish-
wakarma et al. [5] considered a fiber-reinforced viscoelastic me-
dium and discussed the result of a shear horizontal wave under in-
itial stress. The reference for this current work can be given to Singh
et al. [6], Chaudhary et al. [7], Saha et al. [8], and Kaur et al. [9] for
their advanced work towards seismic shear horizontal wave propa-
gation. The reflection problems for the P-wave and SV-wave in a
monoclinic medium at the free boundary were studied by Chatto-
padhyay et al. [10]. They also discussed that the incidence of the
wave has a greater impact on the reflection coefficients. Wang et
al. [11] and Zhang [12] have discussed the quasi SV, SH, and on
P waves in a transversely isotropic medium. Reference can be
given to Lu et al. ([13], [14]) for calculating traveltimes for quasi
waves in transversely isotropic medium using fast sweeping
method, which may be considered as an application to this current
research.

Bullen [15] provided a comprehensive mathematical justifica-
tion, supplemented by a heuristic proof and its subsequent valida-
tion. He further proposed an approximation for the Earth's internal
density distribution, demonstrating that between depths of 413 km
and 984 km, the density follows a quadratic variation with respect
to depth. Beyond 984 km, extending towards the Earth's central
core, Bullen approximated the density variation as a linear function
of depth. He emphasized that it is reasonable to explore the behav-
ior of wave profiles in geo-media exhibiting inhomogeneity repre-
sented as mathematical functions of depth. Numerous researchers
have investigated such inhomogeneities, often modelling them as
linear, quadratic, or exponential functions of the depth parameter.
A limited number of studies also address quasi-wave propagation
through heterogeneous substrata. In the following table, different
inhomogeneity mathematical functions have been discussed. Dif-
ferent authors has been discussed about the quasi-wave velocities
by considering various mathematical functions in terms of linear,
quadratic, exponential and power law model in Young's moduli,
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shear modulus, and density. The following table-I has been created
to give the idea of inhomogenity parameters used in varrious pub-
lished works in reputed journals.

Tab. 1. Inhomogeneity table

1 E = Eye®, a: Wang et. al
Inhomogeneity parameter 2010
— Cc
E = Eo(a+bz)", Wang et. al
2 a,b,and c:
; 2012
Inhomogeneity parameters
E = Eye™i" where Vishwakarma
3 a, b, and c: Inhomogeneity and Panigrahi
parameters 2021
E = Eo(1 + 62)"ef?, Kaur and
4 8, B, and n: Inhomogeneity Vishwakarma
parameters 2020
E = Ey(a — cosy z)eP?, Kaur and
5 y, 3: Inhomogeneity Vishwakarma
parameters 2020

Numerous researchers have made significant contributions to
addressing the issues related to body waves in cross-anisotropic
soils. However, no prior work has explored the scenario where the
cross-anisotropic material exhibits inhomogeneity in Young's mod-
uli, shear modulus, and density, characterized by the following ex-
ponential function i.e. the variation has been taken in the physical
quantities like Young's and shear modulus and density of the sur-
face is e™¢%5%, where n, z € R of depth z. Generalized Hooke’s
law of elasticity and strain-displacement relationships along with
equilibrium equations of motion have been used, which further re-
duces to eigenvalue problem whose spectral values reflect the
wave velocities. A general analytical model for the velocities of P-
wave, SH-wave and SV-wave in cross-anisotropic material has
been proposed. Graphical illustrations have been presented to
study the influence of each inhomogeneity parameter on wave ve-
locity against the phase angle of wave. The study may be helpful
for researchers or seismologists in the field of reflection and refrac-
tion problems in body waves, which will enrich the concept of the
structure of the earth's interior. Recently, a number of researchers
have conducted significant studies on reflection and refraction
problems in elastic media. Among them, the contributions of Sahu
et al. [16], Kumar and Paswan [17], Kumar et al. [18], and Paswan
and Kumar [19] are noteworthy. These studies have explored the
behavior of seismic waves at material interfaces under varying ge-
ological and anisotropic conditions.

2. GEOMETRY AND SOLUTIONS

The current article studies the seismic quasi-waves in the
cross-anisotropic material, with detailed calculations for the quasi-
wave velocities. The problem has been discussed with the help of
the coordinate system (x, v, z), where x in the horizontal direction
and z in the downward direction (positive direction), shown in
Fig. 1. The stress-strain relationship is as follows:
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Fig. 1. Geometry of the problem
S{x = C11~exx + (Cll~_ 2666)6-"31)1 + Ci3€55, ~Syy =
(Cll - 2C66)exx + Clleyy + C13€57, Szz = Cizlyy +
ClSeyy + (3365, Syz = C44eyz: Sxz = C44xyzy Sxy =
Cééexy’ (1)
where

_ Ouy __Ouy _ Ouy _Ouy | duy, _
Cox = G Gy TGy G T e =, Y 8 =
ouy, , Ouy _ Ouy | Ouy
6z+6x’exy_ay ax

The elastic constants may be represented as, E;, Ey, 7., Vy,
and fi as

& 1_EL -2
EL(1 ENV N)

= (g =—2EN__ ¢
1 ~ - E; y 13 T — E; y “33 —
(1+vL><1—vL—2ﬁv2N) (1—u—2ﬁv2m
EN(l—VL) ~ ~ 5 EL
_—_—m C = o ———
y Laga = U, Lee —
(-7, —22L92y) 2(1471)
N

Assuming the inhomogeneity in the elastic parameters as
EL — ELOencosz’ EN — E‘Noencosz, u= ﬁoencosz, p=
poe™ %%, n,z ER. 2)

Where, n: inhomogeneity coefficient having no dimension.
From above conditions, we have

éij = Cijencosz, (l,] = 1,2, 6), (3)
where
& ELy
_— ELo(l—mV N) _— LW
(11 = N — Fip 7C13——~ iy,
(1+VL)(1_VL_2mV N) (1—VL—2mV N)
~ En,(1-71) 5 U EL
(33 =—— ° Ly , Caa = [, Cog = 2(1+?7L)-
(1—VL—2mV N)
Biot's equation of motion as follows (Biot [20])
8Sxx , OSxy | 8Sxz _ 0%uy
ox T 6y+az_ atz ’ (4)
0Sxy | 0Syy | 0Sy; _ 0%uy
ax dy + 9z 7 a2’ ()
8Sxz , 0Syz | 08Szz; _  0%uy (6)
ox ay 0z at2’
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3. DERIVATION OF PHASE VELOCITY

The following equations has been derived by substituting the
stress-strain, strain-displacement relationships and the inhomoge-
neities in the Biot's equation of motion.

~ 92 ~ 92 ~ 9? . ~ 4 +HC
[Cuﬁ"' 5666—3,2+C44ﬁ—nsmzc44£]ux (€=

Coo ] ox a [(C13 + C44) —nsinz (:'44 aa—x] u, =

0%uy
Po atuz (7)
2u, A 2 % 0
[C1 — Cee] ﬁ [Css Py + Ci1 7> ay + Caay —
nsinz 544 +[(Cs + C44) —n 8inzCyy 06 Ju, =
02u
Po atzy (8)

92
[613 + 644) — N San Cl3 ux + [(613 + 644) 6}/62

02 - 62
+ (G (3 + W) t 52—

i ~ a%u
n sinz Cs3 E] Uz = Po atzz 9)

nsinz 613 ]

The solutions for equations (7)-(9) can be considered as
(Hu [21])

U, = D1g(x sin@ + z cos @ — Vt), (10)
u, =D,g(x sin® +zcos @ —Vt), (11)
u, = D3g(x sin @ + z cos @ — Vt), (12)

Where t=time. On putting the equations (10) - (12) in equations
(7) - (9), we find

[C115in?@ + Cy4cos?® —nsin z Cyucos @ — poV?|D; +

[(Cis + Cya)sin Bcos® — acos zCyhysin @|D; = 0 (13)

[Coesin?@ + Cpacos?@ — n sin zCpycos @ — poV?]D, = 0
(14)

[(Ci3 + Cap)sin @ cos® — n sin zC,3sin @]D; +
[Ch4Sin?@ + C33c08°® — n sin zC33c080 — poVZ]D3 = 0

(15)
The above equations (13)-(15) can be written as follows
a1 — pOVZ 0 D1 0
0 Ayp — pOVZ DZ = [0]
asq O asz — 3 0
where

a,; = Cy15in?@ + Cy4c05%@ — nCyysin zcosd,
a3 = (Ci3 + Cypq)sin@cos@® — nCyysin zsin @,
Ayy = Ceesin?@ + Cy4c05?@ — n Cyysin z cosd,
as; = (€3 + C4q)sin@cos@ — nCyzsinzsing,
33 = C4q5in?@ + C33c05%0 — nCs3sin zcos @.

It gives rise to an eigenvalue problem for an in homogeneous
cross-anisotropic medium and the solution of which gives the
magnitude of velocities of three quasi-waves as (Vsy, Vsy, Vp) for
an inhomogeneous cross-anisotropic medium

acta mechanica et automatica, vol.19 no.3 (2025)

Ceesin2@ + CyucosP(cos @ — nsin z)
Vsu = P
0

Vsy = J%O\/Al — A2, + 44, (16)
1. . .
JAl + /Azl + 44,
V' 2po
where

Al = C~33 + C~4_4_ + Sin2®(€11 - C~33)

VP=

—n sin z cos@(Csz + Cya)
A, = —C35C44c08%Q (n sinz — cos 0)? — C11Cyusin*@

+sin?@[n2sin?zCy5Cyq + cos @(cos  —
n Sln Z)(Czlg - 6116‘33 + 2C13C4_4)]

Equation (16) is the required velocities i.e SV, SH and P-
waves.

4. PARTICULAR CASE

When n — 0, equation (16) reduces to

CeeSin2@ + C4ucos2@
VSHO = P
0

1 ~ ~ ~
VSVoz\/?po F1_"F12+4F2 (17)

where

F‘l = C~33 + 6‘44 + SinZQ(Cll - 633), F‘Z =
_C~33C~44C054® - 611644Sin4®+5in2® C052 @(5213 -
C11C33 + 2C13C4—4)

On reducing the inhomogeneity constants of egn. (16) to zero,
i.e., n — 0, this model will reduce to the model designed by Daley
and Hron [21] and Levin [22]), and the results match their results,
which is given in egn. (17).

5. NUMERICAL AND GRAPHICAL REPRESENTATION

In this section, the results of the inhomogeneity parameter n
and the rigidity fi, on the velocities of (Vsy, Vs, Vp) waves have
been discussed. On performing the numerical simulations, different
graphs have been plotted for Eq. (16) and Eq. (17). The study was
basically carried out to find the impact of the different parameters
on varying the depth parameters z =1m and z = 3 m. The
comparison has been shown through graphs for these
(Vsv, Vs, Vp) wWaves.

The current investigation deals with two sets of graphs, i.e., Fig.
2 and Fig. 3. In Fig. 2, the study has been done for all three quasi-
waves, i.e., Vg,-waves, Vgy-waves, and Vp-waves. The main
intention is to find the influence of the inhomogeneity parameter n
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(which varies as (n =-0.2, 0.0, 0.2) on the phase velocity of the
(Vsy, Vsn, V) waves. Let us consider the first figure of Fig. 2, i.e.,
the Vs,-wave, in which it can be observed that the velocity
decreases from 0 degrees to nearly 60-degree and then suddenly
goes up and meets at the phase velocity 1.0. In the figure, it is
clearly visible that the depth parameter has a significant effect on
the phase velocity; the influence in the case of z = 1 m quite
greater than that of z = 3 m. Again, on considering the Vs,-wave,
it has been found that on increasing the phase angle, the phase
velocity seems constant up to 76-degree and then suddenly jerks
up and down and meets at 1.0. Here, we can also say that the
influence of the inhomogeneity parameter decreases with
increasing depth. Finally, the last figure in Fig. 2 has been plotted
for the V,-wave for both the depth parameters z = 1m and z =
3 m. The study shows the increasing nature of the phase velocity
for the increasing inhomogeneity parameters. The effects are
visible to the naked eye, and for all three velocities, one can
conclude that by increasing the inhomogeneity parameter n, the
phase velocity decreases at a particular phase angle.

T fin=-0.2
Zn=00
n=02

Fig. 2. Dimensionless phase velocity Vs. phase angle and to find impact
of the inhomogeneity parameter n on the velocity of SV, SH, and
P waves
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Figure 3 shows the effect of the rigidity (i,) on the phase
velocity of the three quasi-waves, i.e., Vg, -waves, V,-waves, and
Vp-waves. Now taking the individual figures into the discussion, the
first figure, Vsy-waves, which has been plotted for the parameter
(fy), gives the same effect as Vg,-wave varying for the
inhomogeneity parameter n. Here, one can see that the first two
curves, which have been plotted for (&, =1.0, 2.0), intersect at the
phase angle nearly at 7 degrees. In the case of the Vs -wave, the
influence is quite significant in the case of the depth parameter z =
1 m, in which the velocity remains constant up to 40 degrees and
suddenly goes up to phase velocity 1.0. And the depth parameter
z = 3 m produces a very negligible effect on the phase velocity,
so the zoomed figure will help to recognize the pattern of the
curves. Finally, the V,-wave, which has been plotted for the
increasing values of the parameter i, = 1.0, 2.0, 3.0, creates
abnormal behavior for the depth parameter z = 3 m, and for the
depth parameter z = 1 m, the curve first goes down, then moves
up, and finally meets at 1.0.

1: fig w10
2: fig = 2.0
31 = 30

P ey LN
T

w

Phase angle, #

Phase angle, &

Fig. 3. Dimensionless phase velocity Vs. phase angle and to find impact
of the inhomogeneity parameter i, on the velocity of SV, SH, and
P waves
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6. CONCLUSION

The current research work is helpful in finding a way to study
the propagation behavior of body waves. The solution is carried out
through a general analytical method for the three different waves,
i.e., SV-wave, SH-wave, and P-wave, in a heterogeneous cross-
anisotropic medium. The phase velocities of the three waves (SV,
SH, and P) are obtained in closed form, as is the inhomogeneity,
which is an exponential function with respect to the depth parame-
ter z. The present study has been done for the depth of the Earth
surface for z = 1 mand z = 3 m. The following are the results of
this current work:

Two figures i.e., fig. 2, and fig. 3 have been plotted to show the
impacts of the inhomogeneity parameters n and i, on the phase
velocity of the SV-waves, SH-waves, and P-waves. In Fig. 2, it has
been found that for all the quasi-waves, the velocity is higher near
the surface, and the velocity will be negligible while moving down
and down. At an angle of 90 degrees, all the curves converge to
meet at the same velocity at 1.0.

In fig. 3, which has been plotted for the parameter i, a similar
type of result is found as in fig. 2. The only difference one can note
is for the SH-wave, i.e., for the depth parameter z = 3 m, the im-
pact is quite negligible and can be observed through the zoomed
figure, and for the P-wave, the abnormal behavior of the curves can
be detected. The findings are valuable for developing simplified cal-
culation methods to assess the effects of seismic waves on build-
ings, as highlighted in the works of Ha et al. [23] and Abdoun et al.
[24]. Additionally, the results can aid in quantifying wave velocities
from the source, which may contribute to predicting Earth’s subsur-
face composition. Furthermore, this approach can assist in identi-
fying oil traps and other economically significant geological for-
mations. The study may be helpful to geologists to know the pres-
ence of different materials present inside the earth surface.
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