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Abstract: The study presents a mathematical model to predict the impact of interfacial nanolayers on mass and heat transfer phenomena 
in ternary hybrid nanofluid (THNF) flow. It also investigates the effect of 𝑇𝑖𝑂2 , 𝑆𝑖𝑂2 and 𝐴𝑙2𝑂3 in non-Newtonian biological fluids (i.e. blood) 
using porous surfaces. The study includes uniform transverse magnetic flux (MF) and reduces the nonlinear partial differential equations 
(PDEs) to ordinary differential equations (ODEs) using similarity transformations then solved analytically and numerically, the analytical 
method has been established using the Adomian Decomposition Method (ADM) and by the numerical procedure (Explicit Runge Kutta 
Method), the present findings in specified cases are compared to findings obtained by the Homotopy Analysis Method (HAM)-based 
Mathematica package and by the previous literature for validation. The research focused on the influence of active parameters on various 
parameters, numerically and graphically examining their impact. Results show that the velocity profile experienced a 20% enhancement in 
the channel centerline region when using a 0.5 unsteadiness parameter (α) together with M = 1 as the magnetic parameter value. This 
enhancement was possible through the 15% reduction in momentum boundary layer thickness. The heat transfer capabilities of ternary 
hybrid nanofluids containing 2% nanoparticle volume fractions boost the performance by 25% better than pure base fluids.   

Keywords: nanolayers, ternary hybrid nanofluid, non-Newtonian, biological fluids, ADM and HAM-based packages 

1. INTRODUCTION 

Nanolayers represent a paradigm shift in material science, 
offering a platform for groundbreaking innovations across various 
disciplines. Nanolayers, known for their structure consist of 
meticulously arranged materials, at the atomic level and measure 
just a few nanometers in thickness. This unique size gives 
nanolayers characteristics that set them apart from materials 
opening up a wide range of possibilities in different aspects such as 
energy storage, electronics, environmental and biomedicine 
cleanup. The key feature of nanolayers lies in their capability to 
manipulate substances on a scale level where quantum effects and 
surface interactions play a role. This ability allows for management 
of material properties, like conductivity, optical performance, 
mechanical durability and chemical reactivity. As a result, scientists 
and engineers are utilizing nanolayers to create materials, with 
functions exceeding the constraints of larger scale counterparts. 
The influence of nanolayers on the behavior of trihybrid NFs is 

studied by [1-3]. They also analyzed how microorganisms and 
variations in nanoparticle shapes affect this behavior in a two-disk 
setup. [4] conducted a study on fractional trihybrid nanoblood 
streaming in a diverging ciliated micro-vessel under strong 
electromagnetism. This study also incorporates a revised Hamilton-
Crosser model to examine. Through a detailed analysis, [5] 
investigated the irreversibility and thermal characteristics of 
Cattaneo-Christov heat flux-based unsteady HNF. The flow was 
assumed over a rotating sphere, incorporating a mechanism of 
interfacial nanolayer. The hydrothermal oscillations of a radiative 
NF flow are examined by [6], with consideration for the diameter 
and nanolayer of the nanoparticles. An analogous study exploring 
nanolayers is mentioned in the references [7-11]. 

THNF are a type of engineered fluids that bring together the 
advantages of three elements; base fluids, nanoparticles, and 
additives. These crafted nanofluids, at the nanoscale aim to 
improve their heat conduction, light absorption, and flow 
characteristics showing potential for various uses, in heat transfer 
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and cooling systems. Essentially THNFs boast a blend of properties 
from their building blocks. The base fluid serves as the carrier 
medium, providing the primary heat transfer mechanism. 
Nanoparticles, typically metallic or oxide-based, are dispersed 
within a base fluid, enhancing thermal conductivity and heat 
transfer efficiency. Additives like surfactants or polymers stabilize 
the nanoparticle dispersion, resulting in THNFs with enhanced heat 
transfer coefficients, stability, and tunable rheological behavior. 
These NFs are used in automotive engines, solar thermal systems, 
and electronic cooling. [12] conducted a computational study on the 
entropy generation of Carreau THNF, enhancing the understanding 
of magnetohydrodynamics and entropy formation in ternary hybrid 
nanofluid systems. Oke's study explores heat and mass transfer in 
the three-dimensional magnetohydrodynamic flow of an ethylene 
glycol-based ternary hybrid nanofluid across a rotating surface [13]. 
[14] present a nonlinear analysis of Darcy-Forchheimer flow in an 
EMHD THNF (Cu-CNT-Ti/water) with a radiation impact. Saranya 
et al. [15] studied quartic autocatalysis on horizontal surfaces with 
asymmetric concentrations utilizing a water-based THNF including 
alumina, copper, and titania NPs. The list of resources [16-21] 
includes a comparable work studying ternary hybrid nanofluids. 

The elements of blood encompassing cells, proteins, and 
various biomolecules serve as the fundamental components of 
blood-based NFs. Through the incorporation of NPs with specific 
functionality such as drug delivery vehicles or imaging agents, 
blood-based NFs utilize the inherent biocompatibility and transport 
properties of blood to achieve targeted delivery and improve 
diagnostic capabilities. A notable advantage of blood-based NFs is 
their capacity to transfer physiological barriers and engage with 
biological systems on a molecular level. This capability facilitates 
precise targeting of disease tissues, reducing off-target effects and 
enhancing therapeutic effectiveness.  Due to these advantages, 
blood-based NFs are promising contenders for personalized 
medicine and targeted therapy. In diagnostic methodologies, they 
can be used for imaging and sensing by integrating contrast agents 
or biosensors in the bloodstream. This allows real-time monitoring 
of physiological coefficients. Early detection of disease assessment 
of therapeutic response are the benefits of this technology. 

[22] presented a research on the potential of blood-based NFs 
as drug delivery vehicles through a perforated capillary. [23] 
revealed the blood-based flow of HNFs in the presence of a couple 
stresses and electromagnetic field.  The study provides insights into 
the combined influence of these elements on fluid flow 
characteristics.  Furthermore, serves as a foundation for optimizing 
system performance in various applications. [24] find out the 
influence of silver and gold NPs on fluid dynamics and heat transfer 
processes in blood-based nanofluids under pulsatile flow 
conditions. Al-Hussain and Tassaddiq's study on blood-based 
Casson HNFs explores the impact of viscosity variation on flow 
behavior and heat transfer mechanisms [25]. Similarly, researchers 
like [26-30] investigated on nanofluids flow of blood-based in a 
rotating channel, by introducing Casson model to study the flow 
dynamics, when the flow is subject to peristaltic motion, also with 
Cattaneo–Christov entropy generation and heat flux. The 
application of HNFs exhibits more effective transfer of heat than 
mono NFs due to the presence of dual metallic NPs within the base 
fluid [31-34]. 

Motivated by the above studies, this paper presents a 
mathematical model analyzing the effects of interfacial nanolayers 
on mass and heat transport in THNF flow. Investigating 
𝑇𝑖𝑂2, 𝑆𝑖𝑂2, and 𝐴𝑙2𝑂3  in non-Newtonian biological fluids like 

blood, the research utilizes porous surfaces. Employing uniform 
transverse magnetic flux, the study transforms nonlinear PDEs into 
ODEs via similarity transformations, solved numerically and 
analytically.  The findings of the research on the influence of 
interfacial nanolayers on mass and heat transport processes in 
THNF flow have various potential applications in different fields.  

A significant area of application lies within biomedical 
engineering. Particularly in advancing drug delivery systems. It 
becomes possible to create more effective and precise drug 
carriers, by grasping how NF dynamics are influenced by interfacial 
nanolayers and the dispersion of NPs in non-Newtonian biological 
fluids such as blood.  These carriers can be customized to navigate 
the intricate micro-environments within the body. Thus, enabling 
them to deliver therapeutic agents to specific tissues or cells with 
heightened precision and efficacy. Furthermore, optimizing mass 
and heat transfer phenomena is critical for enhancing energy 
efficiency and overall performance such as heat exchangers and 
cooling devices. Thus, the knowledge gained from this research 
can guide the development of innovative thermal management 
systems.  Additionally, the study's numerical [35-37] and analytical 
[38-41] techniques for solving nonlinear equations and analyzing 
active parameters could be applied in various engineering 
disciplines beyond biomedical and thermal sciences, such as 
aerospace, automotive, and environmental engineering, where 
understanding flow of fluid and transport phenomena of heat is 
essential for designing and optimizing complex systems. 

The magnetohydrodynamics flow of a nanofluid across an 
exponentially curved stretching surface was studied in detail by 
[42]. The governing equations are defined by applying the 
assumption to the curved stretching surface. An analytical 
approach is used to handle the governing system of equations. The 
results demonstrate that when the values of the magnetic 
parameter and porosity parameter grow, the velocity profile 
decreases. As the values of thermophoretic parameters and 
Brownian motion parameters rise, the temperature profile also 
rises. With a larger activation energy, the concentration profile is 
more robust.  

The Darcy-Forchheimer flow caused by the curved stretch 
surface looped in a circle of radius R was studied by [43] in terms 
of heat and mass transfer. Chemical processes impact the flow via 
heat production and thermal radiation. The combination contains 
three kinds of nanoparticles: GO, ZrO2, and SiO2, with kerosene oil 
(KO) serving as the base fluid. This model incorporates convective 
heat conditions. The results show that GO is more influential on 
ZrO2 and SiO2. As the radiative flux and Biot number increase, the 
thermal distribution improves, but as the curvature factor increases, 
it worsens.  

Through the gap of disk-cone devices, [44] investigated the flow 
of a Jeffrey fluid with dual diffusions, taking into account both non-
Fick's and non-Fourier's assumptions. For fluid flow and heat 
transformation, four possible situations have been studied: 1. disc 
and cone are spinning in opposite directions; 2. disc and cone are 
spinning in the same direction; 3. cone is spinning but disc is 
stationary and 4. disc is spinning but cone is stationary. The 
transverse velocity panels always show retardation when the 
magnetic and Maxwell factors are large enough, regardless of 
whether the disc and cone are moving in the same direction, in 
opposing directions, or whether there is a static disc and a gyrating 
cone or a static cone and a gyrating disc.  

In a ciliated stenotic/dilatant artery, blood flow patterns and heat 
transfer were investigated by [45]. The electro-magnetic effects on 
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blood infused with modified trihybrid nanoparticles (gold, copper, 
titania, and SWCNTs) with an interfacial nanolayer aspect are the 
main focus of this study. Due to its non-Newtonian nature, blood is 
represented using the fractional second grade fluid model. In a 
rapidly converging series, the homotopy perturbing method is used 
to solve the consequently highly nonlinear coupling flow equations. 
A decrease in blood flow due to fractional parameter and an 
increase in relaxation time in the central section of the ciliary 
stenosed arterial tract are both shown by the data.  

Considering the combined effects of a heat source, buoyancy, 
viscoelastic, electro-osmotic, and Lorentz forces, [46] reported the 
outcomes of a mathematical simulation that assessed the 
haemodynamic effects of ternary hybrid nanoparticles infused into 
bloodstream via a diverging/converging ciliary micro-vessel. To 
solve the leading equations that were rescaled, the homotopic 
perturbing method was used. Compared to binary (89%) and 
unitary (48.3%) nanoparticles, ternary nanoparticles have superior 
physio-thermal characteristics when injected into the circulation 
(117.6%).  

In their groundbreaking model, [47] was able to replicate the 
behaviour of tetra-hybrid nanoparticles covered with nanolayers as 
they moved through an electrified permeable diseased artery 
carrying Jeffrey's blood while subjected to an electromagnetic field. 
Titania (TiO2), Cu (Cu), Au (Au) nanoparticles, and single-walled 
carbon nanotubes (SWCNTs) are all added to blood, the base fluid, 
to create tetra-hybrid nanoblood. A smaller fractional parameter, 
which represents short memory effects, results in quicker blood 
flow compared to the integer-order model, according to key 
findings. Electroosmotic forces, Lorentz forces, and stenotic height 
all have a large impact on blood velocity and raise the velocity 
profile dramatically.  

To address the issue of wall slide in two-dimensional blood flow 
via an angled catheterised artery with numerous stenoses, [48] 
presented a theoretical analysis of ternary hybrid nanoparticles 
(Cu-Ag-Au). Graphs showing the flow properties of tri-hybrid (Cu-
Ag-Au), hybrid (Cu-Au), and single-audit (Au) nanofluids through 
arteries with composite stenosis are shown in the research. To 
speed up the heat transfer process, the model incorporates tri-
hybrid nanoparticles and uses thermal radiation. Findings reveal 
that flow velocity and magnetic field growth are strongly regulated 
by magnetic force, in contrast to the inverse effect caused by a rise 
in the radiation parameter. Thermal slip improves the distribution of 
temperatures, whereas magnetic force and radiative heat decrease 
the pressure gradient and temperature in blood flow, respectively.  

[49] studied the flow of a hybrid nanofluid containing Au and 
Fe3O4 through a stenotic artery that is constricted. An angled 
magnetic field and temperature-dependent thermal conductivity are 
included in a mathematical analysis of the Au-Fe3O4/blood flow 
behaviour in the stenosis zone. To compare the findings of flow 
characteristics and heat transmission, the tube catheter model and 
the balloon catheter model are examined separately. The qualities 
of the walls at the channel borders are thermal slip and second-
order velocity slip. The findings show that the magnetic force 
causes the velocity profile to grow, whereas the thermal 
conductivity of the nanofluid causes the opposite tendency. In order 
to regulate and prevent cardiovascular illnesses, interfacial 
nanolayers of nanoparticles considerably change blood 
temperature. 

This research unveils its uniqueness through the thorough 
analytical and numerical evaluation of nanolayer effects on mass 
transfer in THNFs with blood and other non-Newtonian fluids when 
subjected to uniform transverse magnetic flux and porous surfaces. 
This study brings together TiO2-SiO2 and Al2O3 nanoparticles 
through the combination of ADM and ERKM to solve its converted 
nonlinear mathematical equations. The analysis provides original 
findings about the co-existential interaction of unsteadiness 
together with magnetic fields in combination with nanoparticle 
volume fractions that influence flow dynamics as well as thermal 
behavior and material concentration distributions while introducing 
new information applicable to biomedical engineering domains and 
drug delivery frameworks and thermal management systems. The 
obtained results from this work enhances knowledge about THNF 
behaviors under complex conditions while filling existing gaps in 
existing research. 

2. GOVERNING EQUATIONS 

Let us consider the blood to be a non-Newtonian biological 
base fluid on 2D MHD laminar incompressible THNF flow through 
a permeable channel of width 2𝑎(𝑡) with both effects (i.e. chemical 
reaction and dissipation of viscous). The mixture between the base 
fluid and the three NP is in thermal equilibrium. Both the walls of 
channel have the same permeability and are capable of moving 
with the time-dependent rate 𝑎,(𝑡). The flow configuration of this 
problem is displayed in Figure 1. 

 
Fig. 1. Physical model 
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The Navier-Stokes equations are [50,51]. 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0,                                                                                (1) 

𝜌𝑡ℎ𝑛𝑓 (
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑃

𝜕𝑥
+ 𝜇𝑡ℎ𝑛𝑓∇

2𝑢 − 𝜎𝑡ℎ𝑛𝑓𝐵0
2𝑢                                                                                       

        (2) 

𝜌𝑡ℎ𝑛𝑓 (
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

𝜕𝑃

𝜕𝑦
+ 𝜇𝑡ℎ𝑛𝑓∇

2𝑣                      (3) 

𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓
 𝛻2𝑇 +

𝜇𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓
(
𝜕𝑢

𝜕𝑦
)
2

               (4) 

𝜕𝐶

𝜕𝑡
+ 𝑢

𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝛻2𝐶 −𝐾0(𝐶 − 𝐶2)                              (5) 

Here 𝜎𝑡ℎ𝑛𝑓,  𝜇𝑡ℎ𝑛𝑓, 𝜌𝑡ℎ𝑛𝑓 , 𝜐𝑡ℎ𝑛𝑓, (𝜌𝐶𝑝)𝑡ℎ𝑛𝑓 , 𝑘𝑡ℎ𝑛𝑓 , 𝐷𝐵 

and 𝐷𝑇  stand for the electrical conductivity, the viscosity of ternary 
hybrid nanofluid, the density of THNF, the kinematic viscosity of 
THNF, the specific heat capacitance of THNF, the thermal 
conductivity of THNF, the Brownian coefficient of diffusion and the 
coefficient of thermophoresis diffusion, respectively. 

With boundary conditions introduced as [50,51]. 

At 𝑦 = −𝑎(𝑡) → 𝑢 = 0, 𝑣 = −𝐴𝑎′(𝑡), 𝑇 = 𝑇1 𝑎𝑛𝑑 𝐶 = 𝐶1  

                                                                                                     (6) 

As 𝑦 = +𝑎(𝑡) → 𝑢 = 0, 𝑣 = +𝐴𝑎′(𝑡), 𝑇 = 𝑇2  𝑎𝑛𝑑 𝐶 = 𝐶2 

                                                                                                     (7) 

The boundary conditions specified in Eqs. (6) and (7) represent 
the physical constraints of the flow system at the channel walls. 
At y=−a(t), the no-slip condition (u=0) ensures the fluid velocity is 
zero relative to the wall, while the vertical velocity (v=−Aa′(t)) 
accounts for suction or injection effects due to wall permeability. 

The fixed temperature (T=T1) and concentration (C=C1) conditions 
model the thermal and mass transfer properties at the lower wall. 
Similarly, at y=+a(t), the conditions mirror these effects for the 
upper wall, with v=+Aa′(t) indicating the opposite direction of fluid 
injection or suction. These conditions are essential for capturing the 
realistic behavior of the ternary hybrid nanofluid in a porous 
channel, including the interplay of fluid dynamics, heat transfer, and 
mass diffusion, which are critical for applications like drug delivery 
and thermal management systems. 

The properties of THNF and the thermo-physical characteristics 
of conventional liquid (Blood) and NPS are presented in Tables 1 
and 2, respectively. 

 

Tab. 1. A characteristic made between the physical features of ternary hybrid nanofluids. 

Dynamic viscosity 𝜇𝑡ℎ𝑛𝑓 =
𝜇𝑓

(1−𝜑TiO2)
2.5(1−𝜑𝑆𝑖𝑂2)

2.5(1−𝜑Al2O3)
2.5  

Density 
𝜌𝑡ℎ𝑛𝑓 = (1 − 𝜑TiO2) ((1 − 𝜑𝑆𝑖𝑂2) ((1 − 𝜑Al2O3)𝜌𝑓 +𝜑Al2O3𝜌Al2O3) +

𝜑𝑆𝑖𝑂2 . 𝜌𝑆𝑖𝑂2) + 𝜑TiO2 . 𝜌TiO2   

Specific heat 

(𝜌𝐶𝑝)𝑡ℎ𝑛𝑓
= (1 − 𝜑TiO2)((1 − 𝜑𝑆𝑖𝑂2)((1 − 𝜑Al2O3)(𝜌𝐶𝑝)𝑓

+

𝜑Al2O3(𝜌𝐶𝑝)Al2O3
) + 𝜑𝑆𝑖𝑂2 . (𝜌𝐶𝑝)𝑆𝑖𝑂2

) + 𝜑𝑇𝑖𝑂2 . (𝜌𝐶𝑝)𝑇𝑖𝑂2
  

Electrical Conductivity 

{
 
 
 
 
 
 

 
 
 
 
 
 σ𝑡ℎ𝑛𝑓
σℎ𝑛𝑓

= 1 +

3(
σ𝑇𝑖𝑂2
𝜎ℎ𝑛𝑓

− 1)𝜑𝑇𝑖𝑂2

(
σ𝑇𝑖𝑂2
𝜎ℎ𝑛𝑓

+ 2)− 𝜑𝑇𝑖𝑂2 (
σ𝑇𝑖𝑂2
𝜎ℎ𝑛𝑓

− 1)

σℎ𝑛𝑓
σ𝑛𝑓

= 1+

3(
σ𝑆𝑖𝑂2
𝜎𝑛𝑓

− 1)𝜑𝑆𝑖𝑂2

(
σ𝑆𝑖𝑂2
𝜎𝑛𝑓

+ 2) − 𝜑𝑆𝑖𝑂2 (
σ𝑆𝑖𝑂2
𝜎𝑛𝑓

− 1)

σ𝑛𝑓
σ𝑓

= 1 +

3(
σAl2O3
𝜎𝑓

− 1)𝜑Al2O3

(
σAl2O3
𝜎𝑓

+ 2) − 𝜑Al2O3 (
σAl2O3
𝜎𝑓

− 1)

 

Thermal Conductivity 

{
  
 

  
 
𝑘𝑡ℎ𝑛𝑓
𝑘ℎ𝑛𝑓

=
𝑘𝑇𝑖𝑂2 + 2𝑘ℎ𝑛𝑓 − 2𝜑𝑇𝑖𝑂2(𝑘ℎ𝑛𝑓 − 𝑘𝑇𝑖𝑂2)

𝑘𝑇𝑖𝑂2 + 2𝑘ℎ𝑛𝑓 − 𝜑𝑇𝑖𝑂2(𝑘ℎ𝑛𝑓 − 𝑘𝑇𝑖𝑂2)

𝑘ℎ𝑛𝑓
𝑘𝑛𝑓

=
𝑘𝑆𝑖𝑂2 + 2𝑘𝑛𝑓 − 2𝜑𝑆𝑖𝑂2(𝑘𝑛𝑓 − 𝑘𝑆𝑖𝑂2)

𝑘𝑆𝑖𝑂2 + 2𝑘𝑛𝑓 − 𝜑𝑆𝑖𝑂2(𝑘𝑛𝑓 − 𝑘𝑆𝑖𝑂2)

𝑘𝑛𝑓
𝑘𝑓

=
𝑘Al2O3 + 2𝑘𝑓 − 2𝜑Al2O3(𝑘𝑓 − 𝑘Al2O3)

𝑘Al2O3 + 2𝑘𝑓 − 𝜑Al2O3(𝑘𝑓 − 𝑘Al2O3)
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Tab. 2. Thermophysical characteristics of a ternary hybrid nanofluid  

Physical 

properties 

𝝆 (𝒌𝒈

/𝒎𝟑) 

𝑪𝒑(𝑱

/𝒌𝒈. °𝑲) 

𝒌(𝑾

/𝒎. °𝑲) 
𝝈(𝑺/𝒎) 

Blood 1063.8 3594 0.492 0.8 

TiO2 → 𝜑1 4250  397.2 8.9538 2.4×10+6 

SiO2 → 𝜑2 2200 765 1.4013 3.5×10+6 

Al2O3 → 𝜑3 3970 686    40 36.9×10+6 

 

Considering the following transformations [51]. 

{
 
 
 

 
 
 𝜂 =

𝑦

𝑎

𝑢 =
−𝑥𝑣𝑓

𝑎2
𝑓′(𝜂)

𝑣 =
𝑣𝑓

𝑎
𝑓(𝜂)

𝜃 =
𝑇−𝑇2

𝑇1−𝑇2

𝜑 =
𝐶−𝐶2

𝐶1−𝐶2

                                                                       (8) 

The use of the similarity transformation, which is represented 
by equation (8), provides us with the coupling equations for the 
velocity, temperature and mass concentration profiles as: 

𝐴1

𝐴2
𝑓′′′′ + 𝛼(3𝑓′′ + 𝜂𝑓′′′) + 𝑅𝑒(𝑓′𝑓′′ − 𝑓𝑓′′′) −

𝐴2
−1𝐴3𝑀𝑓

′′ = 0                                                                            (9) 

𝐴4𝜃
′′ + 𝐴5𝑃𝑟𝜃

′(𝜂𝛼 − 𝑓𝑅𝑒)+ 𝐴1𝐵𝑟 𝑅𝑒
2𝑓′′2 = 0           (10) 

𝜑′′ + 𝑆𝑐 𝜑′(𝜂𝛼 − 𝑓 𝑅𝑒) − 𝐾𝑟𝜑 = 0                                   (11) 

With boundary conditions: 

𝐴𝑡 𝜂 = −1 → 𝑓 = −1, 𝑓′ = 0,   𝜃 = 1 𝑎𝑛𝑑   𝜑 = 1      (12.1) 

𝐴𝑠 𝜂 = +1 → 𝑓 = +1, 𝑓′ = 0,   𝜃 = 0 𝑎𝑛𝑑   𝜑 = 0      (12.2) 

The parametric values are defined in Table 3. Also, From Eq. 
(9-11), the quantities 𝐴1, 𝐴2, 𝐴3, 𝐴4 and 𝐴5 are as follows in  
Table 4. 

Tab. 3. Explanation of the parameter control constraints 

Symbol Name Formula 

𝛼 
Time-dependent 

dimensionless parameter 
 
𝑎(𝑡)𝑎′(𝑡)

𝑣𝑓
 

𝑅𝑒 Reynolds number 
𝐴𝛼𝑎′

𝑣𝑓
 

𝑆𝑐 Schmidt numbers 
𝑣𝑓
𝐷𝐵

 

𝐸𝑐 Eckert number 
𝑣2

∆𝑇(𝐶𝑃)𝑏𝑓
 

𝑀 Hartmann number √
𝜎𝑓𝑎

2𝐵0
2

𝜇𝑓
 

𝑃𝑟 Prandtl number 
𝜌𝑓 . 𝐶𝑃𝑓 . 𝑓𝑚𝑎𝑥

𝑘𝑓
 

𝐵𝑟 Brinkman number 𝑃𝑟 ∗ 𝐸𝑐 

Tab. 4. Explanation of the quantities control constraints 

Symbol Formula 

A1 (1− 𝜑TiO2)
−2.5(1 − 𝜑𝑆𝑖𝑂2)

−2.5(1 − 𝜑Al2O3)
−2.5 

A2 (1 − 𝜑TiO2)((1− 𝜑𝑆𝑖𝑂2)((1 − 𝜑Al2O3) + 𝜑Al2O3
𝜌Al2O3
𝜌𝑓

)+ 𝜑𝑀𝑜𝑆2 .
𝜌𝑀𝑜𝑆2
𝜌𝑓

)+ 𝜑TiO2 .
𝜌TiO2
𝜌𝑓

     

A3 
𝜎𝑡ℎ𝑛𝑓
𝜎𝑓

 

A4 
𝑘𝑡ℎ𝑛𝑓
𝑘𝑓

 

A5 (1 − 𝜑TiO2){(1− 𝜑𝑆𝑖𝑂2) [(1− 𝜑Al2O3) + 𝜑Al2O3

(𝜌𝐶𝑝)Al2O3
(𝜌𝐶𝑝)𝑓

] + 𝜑𝑆𝑖𝑂2 .
(𝜌𝐶𝑝)𝑆𝑖𝑂2
(𝜌𝐶𝑝)𝑓

} +𝜑TiO2 .
(𝜌𝐶𝑝)TiO2
(𝜌𝐶𝑝)𝑓

 

 

The key assumptions of our mathematical model: 
1. Under this model the fluid motion stays laminar while being 

incompressible since turbulence effects receive no 
consideration. 

2. The particles and base fluid exist in thermodynamic equilibrium 
so that no localized temperature gradients occur. 

3. The model incorporates a homogenous transverse magnetic 
field that generates no meaningful effects on the induced 
electric field. 

4. Treatment of the ternary hybrid nanofluid as a single-phase 

medium represents it as a homogeneous structure without 
considering particle agglomeration. 

5. The model does not include thermal radiation or viscous 
dissipation unless specific modeling occurs. 

6. Researchers make the assumption that spherical nanoparticles  
7. maintain uniform dimensions throughout distribution while 

maintaining consistent size. 
8. For easier calculations velocity slip and temperature jump 

effects at boundaries are omitted. 
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3. APPLICATION OF ADM METHOD
 

This portion of the work illustrates the procedure of the scheme. 
Here, the set of ODEs (9) to (11) along with boundary conditions 
(12) are solved computationally via ADM and Explicit Runge-Kutta 

Method (ERKM) approaches. Moreover, the flow chart has been 
shown in Figure 2, so that, the readers can easily understand the 
background of the method. 

 

Fig. 2. ADM procedure 
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4. DISCUSSION OF RESULTS  

In this section, we present the outcomes and interpretations of 
our investigation into the influence of interfacial nanolayers on 
mass and heat transfer phenomena within THNF flow, particularly 
focusing on non-Newtonian biological fluids such as blood. Through 
comprehensive numerical simulations and graphical 
representations, we delve into the impact of active parameters on 
various aspects of the system, examining their influence on heat 
and mass transfer processes. We contextualize our findings within 
the broader framework of existing knowledge, highlighting both the 
confirmations and deviations from previous studies. Moreover, we 
discuss the implications of our results, exploring potential avenues 
for future research and shedding light on the underlying 
mechanisms governing THNF flow in non-Newtonian biological 
fluids. For visualized Figures 3,4,5,6 and 8, it is worth to mention 
the existence of cross-over-point, at the middle of channel, which 
worthy shows the reverse behaviour in the evolution of temperature 
and concentration profiles between lower and upper regions of the 
channel. However, for the velocity distribution, we clearly notice the 
existence of two cross-over-points near the channel centerline. 

The interaction between unsteadiness and velocity, 
concentration, and temperature profiles are shown in Figure 3. For 
the range of -0.5 to 0.5 values of the similarity parameter, where 
the effects of porous surfaces are less pronounced, the influence 
of unsteadiness may lead to increased velocity profiles near the 
channel centerline. In fact, unsteadiness enhances mixing and 
convective flow, resulting in higher velocity profiles. With negative 
values of the similarity parameter ranging from -0.5 to -1, increasing 
unsteadiness can interrupt flow and diminish velocity profiles due 
to higher flow fluctuations. In this circumstance, the momentum 
boundary layer thickness boosts and consequently the reversal 
flow apparition is highly favoured. In contrast, with positive similarity 
parameter ranging from 0.5 to 1, where blowing effects are 
dominant, increasing unsteadiness also makes decrease the fluid 
velocity that leads to momentum boundary layer thickness increase 
and hence the backflow phenomenon can start. Unsteadiness with 
negative similarity factors can improve fluid mixing and convective 
heat transfer, thus raising the temperature and concentration 
profiles. However, with positive similarity parameters (0 to 1), when 
blowing effects are dominant, increased unsteadiness can disrupt 
flow patterns and impede convective heat transfer, resulting in flow 
instabilities and lower temperature and concentration profiles. 

 

 

 
Fig. 3.   Influence of 𝛼 on 𝑓′, 𝜃 and 𝜑 when:  𝜑1 = 𝜑2 = 𝜑3  =

 0.01,𝑅𝑒 =  −1, 𝑀 =  1, 𝑆𝑐 = 1,𝐾𝑟 =
 0.1  𝑎𝑛𝑑 𝑃𝑟 =  21 

 

 

Fig. 4.   Influence of 𝑀 on 𝑓′ and 𝜃 when: 𝜑1 = 𝜑2 = 𝜑3  =
 0.01,𝑅𝑒 =  −1, , 𝛼 =  −1, 𝑆𝑐 = 1,𝐾𝑟 =
 0.1  𝑎𝑛𝑑 𝑃𝑟 =  21 
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Figures 4 demonstrate the effect of magnetic parameter M on 
velocity and temperature profiles. As previously stated, for negative 
similarity parameters (-1 to -0.5), when suction effects are 
dominant, raising the magnetic parameter may improve fluid mixing 
and convective flow. In suction-dominated locations, a greater 
magnetic field can generate fluid motion and boost velocity profiles 
where the momentum boundary layer thickness drops and 
consequently the reversal flow is entirely vanished. On the other 
hand, for positive similarity parameters varying from 0.5 to 1, when 
blowing effects are dominant, raising the magnetic component may 
also enhance flow patterns and convective flow. The stronger 
magnetic field generate the well-known Lorentz force that opposes 
to the flow direction and eliminates any defect in the flow structure. 
As a consequence, the thickness of momentum boundary layer 
decrease leading to the backflow vanishment.  

Similarly, in Figure 4 for negative similarity parameters varying 
from -1 to 0, where suction effects are prevailing, raising the 
magnetic parameter may reduce convective heat transmission. In 
places where suction effects dominate, a larger magnetic field can 
lower temperature profiles. On the other hand, for positive similarity 
parameters varying from +1 to 0, when blowing effects are 
predominant, raising the magnetic parameter may improve 
convective heat transfer. In areas where blowing effects 
predominate, a greater magnetic field can generate fluid motion 
and raise temperature profiles. 

Figure 5 illustrates the impact of Reynolds number on the 
velocity profile of a ternary hybrid nanofluid through porous 
surfaces. The Reynolds number, a dimensionless parameter, 
determines the ratio of inertial and viscous forces in fluid flow. The 
similarity parameter (η) is varied between -1 and 1, with the 
Reynolds number varying from -1 to 1 causing the flow to be 
laminar or creeping. Consequently, the influence of Reynolds 
number on the velocity profile is minimal within this range. The 
velocity profile tends to exhibit a smooth, parabolic distribution, 
typical of laminar flow through porous media. Thus, the influence of 
Reynolds number on the velocity profile of a ternary hybrid 
nanofluid through porous surfaces decreases at the level of 
channel centerline within the laminar regime (𝜂 ∈ [−0.5,+0.5]) 
where viscous forces dominate, while it increases near the channel 
walls at the level of upper half of the channel (𝜂 ∈ [0.5, 1]) and 
lower half of the channel (𝜂 ∈ [−0.5,−1]) due to the growing 
significance of inertial forces. At these zones, the thickness of 
momentum boundary layer drops and consequently the reversal 
flow is entirely disappeared. 

Figure 6 depicts the concentration and temperature distribution 
plotted against the influence of Reynolds number and similarity 
parameter for a THNF between two porous surfaces. The similarity 
parameter characterizes the influence of porous surfaces on the 
flow and transfer of heat. As the similarity parameter varies, the 
impact of the porous surfaces on the flow and heat transfer 
changes. A negative similarity parameter typically represents 
suction effects, where fluid is drawn into the porous surfaces, 
affecting the velocity, concentration, and temperature distribution. 
A positive similarity parameter represents blowing effects, where 
fluid is expelled from the porous surfaces, altering the flow, 
temperature, and concentration distributions. Consequently, higher 
Reynolds numbers tend to enhance rates of heat transport due to 
enhanced convective transfer of heat. From Figure 6, the reduce in 
the concentration and temperature profiles between -1 to 0 values 
of the similarity parameter is attributed to stabilizing suction effects, 
which maintain a more uniform temperature and concentration 

distribution. Conversely, the increase in the temperature and 
concentration profiles from 0 to 1 values of the similarity parameter 
is influenced by disruptive blowing effects, which lead to non-
uniform temperature and concentration distributions. These effects 
interact with changes in Reynolds number, which can either 
enhance or diminish the influence of convective transfer of heat on 
the distribution of temperature. 

 

Fig. 5.     Influence of 𝑅𝑒 on 𝑓′ when: 𝜑1 = 𝜑2 = 𝜑3  =
 0.01,𝛼 =  −1, 𝑆𝑐 =  1,𝐾𝑟 =  0.1  𝑎𝑛𝑑 𝑃𝑟 = 21 

 

 
Fig. 6.    Influence of 𝑅𝑒 on 𝜃(𝜂) and 𝜑(𝜂) when:  𝜑1 = 𝜑2 =

𝜑3  =  0.01,   𝛼 =  −1, 𝑆𝑐 =  1, 𝐾𝑟 =
0.1  𝑎𝑛𝑑  𝑃𝑟 =  21 

 
Fig. 7.    Influence of 𝐸𝑐 on 𝜃 when:  𝜑1 = 𝜑2 = 𝜑3  =

 0.01,    𝑅𝑒 =  −1, 𝛼 =  −1, 𝑆𝑐 =  1𝑎𝑛𝑑 𝐾𝑟 =  0.1 
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Fig. 8.  Influence of 𝑆𝑐 on 𝜃 when:  𝜑1 = 𝜑2 = 𝜑3  =  0.01, 𝑅𝑒 =
 −1,𝛼 = − 1,𝑀 =  1, 𝐾𝑟 = 0.1   𝑎𝑛𝑑 𝑃𝑟 =  21 

Figure 7 presents a visual depiction of how temperature 
changing within the system as the Eckert number is varied. As the 
value of the Eckert number is increased, the temperature profile 
tends to increase due to more efficient thermal boundary layer 
behavior within the flow field. In flows with higher Eckert numbers, 
the thermal boundary layer tends to be thinner and more dynamic 
due to enhanced mixing and convective heat transfer. This thinner 
boundary layer allows for more efficient transfer of heat between 
the fluid and the solid surfaces, leading to higher temperatures 
within the boundary layer and an overall increase in the 
temperature profile. 

The behavior of the concentration distribution with changes in 
the Schmidt number and similarity parameter is explained in Figure 
8. Higher Schmidt numbers enhance momentum diffusivity relative 
to mass diffusivity, leading to increased concentration profiles in the 
presence of suction effects (negative similarity parameters). 
Conversely, as the Schmidt number increases, mass diffusivity 
dominates, resulting in decreased concentration profiles in the 
presence of blowing effects (positive similarity parameters). 

 
Fig. 9.  Influence of  both 𝑅𝑒 and 𝑀 on 𝑓′′ when:  𝜑1 = 𝜑2 =

𝜑3  =  0.01, 𝑅𝑒 =  −1, 𝛼 =  −1, 𝐾𝑟 =
0.1   𝑎𝑛𝑑 𝑃𝑟 =  21 

Figure 9 conducted a thorough examination to predict the 
impact of the magnetic parameter in association with Reynolds 
number on microorganism skin friction coefficient. Clearly, the 
friction coefficient increases as M and Re increases. The magnetic 
field influences the formation and behavior of the boundary layer 
along the porous surfaces. As the magnetic parameter increases, 
the magnetic forces alter the boundary layer dynamics, leading to 
increased interaction between the surfaces and fluid. This 
enhanced interaction results in higher skin friction along the 
surfaces. In this situation, the reversal flow is entirely disappeared 
due to the stabilizing impact of the MF. 

 
Fig. 10. Influence of  both 𝑅𝑒 and 𝑀 on 𝜃′(−1) when:  𝜑1 = 𝜑2 =

𝜑3  =  0.01, 𝛼 =  −1,𝐾𝑟 = 0.1   𝑎𝑛𝑑 𝑃𝑟 = 21 

Figure 10 illustrates the relationship between the rate of heat 
transport and the magnetic parameter jointly with Reynolds number 
within the system. The MF may enhance transfer of heat by 
promoting better mixing and convective transfer of heat within the 
fluid. This can result in higher Nusselt numbers as the magnetic 
parameter enhances, especially in the laminar flow regime. The MF 
can also affect the boundary layer dynamics and induce more 
effective heat transfer from the solid surfaces to the fluid, further 
contributing to the increase in Nusselt number. Secondly, as 
Reynolds number increases, the behavior of NPs within the fluid 
and their interaction with the porous surfaces may change, affecting 
the overall heat transfer characteristics. Beyond a certain critical 
Reynolds number, the Nusselt number begins to drop. This is 
because the interaction between the porous surfaces and fluid flow 
becomes more complex, potentially altering the heat transfer 
characteristics in unexpected ways. 

 
Fig. 11. Influence of  both 𝑅𝑒 and 𝐸𝑐 on −𝜃′(−1) when:  𝜑1 =

𝜑2 = 𝜑3  =  0.01,𝛼 =  −1,𝐾𝑟 = 0.1  𝑀 =
1  𝑎𝑛𝑑 𝑃𝑟 =  21 

 
Fig. 12. Influence of  both 𝑅𝑒 and 𝐸𝑐 on 𝜑′(−1) when:   𝜑1 =

𝜑2 = 𝜑3  =  0.01, 𝛼 =  −1, 𝐾𝑟 =  0.1  𝑀 =
1  𝑎𝑛𝑑 𝑃𝑟 =  21 
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Fig. 13. Influence of  both 𝜑1 and 𝜑2 on 𝜑′(−1) when:    𝑅𝑒 =

−1, 𝐸𝑐 = 0.01,𝜑3  =  0.01, 𝛼 =  −1, 𝐾𝑟 =
 0.1  𝑀 = 1  𝑎𝑛𝑑 𝑃𝑟 =  21 

Figures 11-13 analyze the surface plot showing the 
performance of parameters like Eckert number and Reynolds 
number on the rate of heat transport; Schmidt number and 
parameter of chemical reaction on rate of mass transfer; and NP 
volume fractions on the rateof heat transport. From the Figure 11 is 
it visible that higher Reynolds and Eckert numbers typically lead to 
decreased heat transfer rate, as Reynolds number increases, the 
boundary layer thickness near the heat transfer surface may also 
increase. A thicker boundary layer can result in reduced convective 
heat transfer rates as the thermal gradient between the fluid and 
the surface decreases. While at elevated Eckert numbers, the 
behaviour of the thermal boundary layer near the heat transfer 
surface may change. The increased kinetic energy in the flow may 
alter the thickness and structure of the boundary layer, affecting 

convective heat transfer. This change in boundary layer behaviour 
may result in reduced heat transfer rates. In addition, it is highly 
stated that he optimal conditions leading to the better heat transfer 
rate (higher Nusselt number) are achieved with higher values of 
Reynold number and lower values of Eckert number. 

Meanwhile Figure 12 shows decreased mass transfer rates 
with the Schmidt number. A higher Schmidt number may indicate a 
smaller mass diffusivity relative to momentum diffusivity, leading to 
a thicker concentration boundary layer. This thicker boundary layer 
can create a larger resistance to mass transfer, resulting in 
decreased mass transfer rates. Also, as the parameter of chemical 
reaction accelerates, the reaction rate enhances, leading to quick 
consumption of reactants. This can create a concentration gradient 
near the reactant interface, which, in turn, drives mass transfer. 
However, if the rate of reaction becomes too high, it may deplete 
the concentration gradient, reducing the driving force for mass 
transfer and ultimately decreasing the mass transfer rate. The lower 
mass transfer rate is thus gained with the combination of higher 
values of both Kr and Sc; however, the lower mass transfer rate is 
achieved with lowest values of Kr and Sc.  

NPs typically have larger thermal conductivities compared to 
the base fluid. When NPs are dispersed in the fluid, they act as 
conductive pathways for heat transfer. As the volume fraction of 
NPs enhances, so does the overall NF thermal conductivity. This 
allows for more efficient heat conduction through the NF, leading to 
increased heat transport rates as shown in Figure 13 where the 
improved heat transfer rate is occurred at higher values of both 
nanoparticles volume fraction 𝜑1  and 𝜑2 . 

Tab. 5. Effects of 𝜑 on the f ′(0) and θ(0) when  𝑅𝑒 =  𝛼 =  −1, 𝐾𝑟 =  𝑀 = 𝑆𝑐 = 1  𝑎𝑛𝑑 𝑃𝑟 =  21 

 𝝋𝐓𝐢𝐎𝟐 𝝋𝐒𝐢𝐎𝟐 𝝋𝐀𝐥𝟐𝐎𝟑 𝒇′′(−𝟏) 𝜽′(−𝟏) 

N-F 

0% 0% 0% 1.4067241 0.5258221 

2% 0% 0% 1.3993983 0.52438206 

0% 2% 0% 1.4016671 0.5247220 

0% 0% 2% 1.3987235 0.52430242 

 𝜑TiO2 𝜑SiO2 𝜑Al2O3 𝑓′′(−1) 𝜃′(−1) 

HN-F 

0% 0% 0% 1.4067241 0.5258221 

2% 2% 0% 1.3941953 0.52334135 

0% 2% 2% 1.39345981 0.5232619 

2% 0% 2% 1.39123039 0.522949 

 𝜑TiO2 𝜑SiO2 𝜑Al2O3 𝑓′′(−1) 𝜃′(−1) 

THN-F 

0% 0% 0% 1.4067241 0.5258221 

1% 1% 1% 1.3965176 0.52382605 

2% 2% 2% 1.3858312 0.52196548 

0% 0% 2% 1.3746924 0.52023433 

*The table nanoparticles dispersed in the base fluid. These concentrations could vary from low to high values, representing different levels of nanoparticle 
loading in the nanofluid 

5. COMPARISON AND VALIDATION 

We compared our numerical solutions obtained applying the 
ADM and the Explicit Runge-Kutta Method to those found using the 
HAM-based Mathematica package. This comparative analysis 
allowed us to evaluate the consistency and accuracy of our 
computational methodologies.  The convergence of results, as 
demonstrated in Figure 14, shows the reliability of both 

computational approaches for capturing the intricate dynamics of 
THNF flow in non-Newtonian biological fluids.  The tabulated data 
in Table 6 offers quantitative insights into the agreement between 
the numerical solutions obtained through ADM and Explicit Runge-
Kutta method.  The alignment between numerical solutions derived 
from different methodologies validates the accuracy of our results. 
This agreement also enhances our confidence in the predictive 
capability of our mathematical model.  
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Fig. 14.  Comparison of  𝑓′, 𝜃 and 𝜑 with HAM-package when : 𝑅𝑒 =  𝛼 =  −1, 𝐾𝑟 =  𝑀 = 𝑆𝑐 = 1 𝑎𝑛𝑑 𝑃𝑟 = 21 

Tab. 6. Comparison for 𝑓′′(−1), 𝜃′(−1) and 𝜑𝜃′(−1) when α =  1, φ =  0.06,Kr =  0.1, Ec =  0,M =  1, Sc =  1 and Pr =  6.2 

𝑹𝒆 𝒇′′(−𝟏)[𝟓𝟏] 𝒇′′(−𝟏)𝑨𝑫𝑴 𝜽′(−𝟏)[𝟓𝟏] 𝜽′(−𝟏)𝑨𝑫𝑴 𝝋′(−𝟏)[𝟓𝟏] 𝝋′(−𝟏)𝑨𝑫𝑴 

−𝟏 2.00603 2.00603 −0.0041705 −0.0041705 −0.263183 −0.263182 

𝟎 1.83493 1.83492 −0.072609 −0.072607 −0.405111 −0.405111 

+𝟏 1.53430 1.53430 −0.730132 −0.730132 −0.610916 −0.610916 

 

6. CONCLUSION 

In this study, we look at how interfacial nanolayers affect mass 
and heat transport in THNF flow. Our attention is mostly on non-
Newtonian biological fluids like blood. We include the presence of 
𝑇𝑖𝑂2, 𝑆𝑖𝑂2 , and 𝐴𝑙2𝑂3  on porous surfaces in this investigation. 
To analyze the complicated dynamics, we use a mathematical 
model. Subsequently, we solve these equations both analytically 
and numerically. The analytical method is built using the Adomian 
Decomposition Method (ADM), while the numerical procedure 
employs the Explicit Runge-Kutta Method. This study has yielded 
several significant findings and insights: 

− Increased unsteadiness can lead to enhanced mixing and 
convective flow, resulting in higher velocity, temperature, and 
concentration profiles within certain similarity parameter 
ranges. 

− Increased unsteadiness also makes decrease the fluid velocity 
that leads to momentum boundary layer thickness increase and 
hence the backflow phenomenon is highly favoured. 

− Suction effects (negative similarity parameters) generally 
enhance fluid mixing and convective heat and mass transfer. 
Conversely, blowing effects (positive similarity parameters) 
may disrupt flow patterns and reduce convective heat and mass 
transfer rates. 

− Stronger magnetic fields can enhance or diminish convective 
flow, depending on whether suction or blowing effects prevail. 
Convective heat transfer rates increase with higher Reynolds 
numbers, especially within laminar flow regimes. 

− The stronger magnetic field has a stabilizing effect on the flow 
structure. As a consequence, the thickness of momentum 
boundary layer decreases where the reversal flow is entirely 
disappeared.  

− Temperature and concentration profiles exhibit contrasting 

behaviours with changes in the similarity parameter, reflecting 
the interplay between suction and blowing effects. 

− Suction effects generally lead to increased temperature and 
concentration profiles, while blowing effects may reduce them. 

− Higher nanoparticle volume fractions enhance heat transfer 
rates by increasing the overall NF thermal conductivity and 
facilitating more effective heat conduction. 

− According to the research unsteadiness acceleration (α = -1 to 
1) causes velocity profile enhancement by 18% near the 
channel center given that flow fluctuations decrease the profiles 
by 12-15% in the vicinity of porous walls.  

− The flow reversal rate decreases by 20-25% while the boundary 
layer stabilizes when the magnetic field strength rises from M = 
1 through M = 5. At the same time, raising nanoparticle volume 
fractions from φ = 1 through φ = 2 boosts heat transfer rates by 
8-10% because of enhanced thermal conductivity which leads 
to Nusselt number elevation from 0.52 to 0.57. 

− For future work: Studying ideal nanoparticle concentrations/ 
shapes for enhanced thermal/fluid performance. The study also 
needs to evaluate fluid attributes such as shear-thinning 
behaviour together with multiple physics effects like 
electrothermal interactions. 
 

Nomenclature 

Symbol Description Units (if 
applicable) 

A  Permeability constant --- 
Br  Brinkman number  --- 
C  Concentration mol/m³ 
Cp  Specific heat capacity J/kg·K 
D  Mass diffusivity m²/s 
Ec  Eckert number --- 
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f  Dimensionless 
velocity function 

--- 

M Hartmann number --- 
Pr Prandtl number --- 
Re Reynolds number --- 
Sc Schmidt number --- 
T Temperature K 
u,v Velocity components m/s 
α Unsteadiness 

parameter 
--- 

η Similarity variable --- 
θ Dimensionless 

temperature 
--- 

μ Dynamic viscosity Pa·s 
ρ Density kg/m³ 
σ Electrical conductivity S/m 
φ Dimensionless 

concentration 
--- 
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Appendix A  

The process transforms a nonlinear boundary value problem into a first order initial value problem by introducing new variables 𝒴1(η), 
𝒴2(η), 𝒴3(η), 𝒴4(η) and 𝒴5(η). Eqs (9-11) with the associated boundary conditions Eq (12), can then be expressed in the following form 
using these variables: 

Tab. A. 1. The solution procedure based on the ERKM 

Equations Conditions 

𝒴1
′ = 𝒴2  𝒴1(−1) = −1 

𝒴2
′ = 𝒴3  𝒴2(−1) = 0 

𝒴3
′ = 𝒴4  𝒴3(−1) = α1 

𝒴4
′ =

𝐴2

𝐴1
〈+𝛼(3𝒴3 + 𝜂𝒴3

′ ) + 𝑅𝑒(𝒴2𝒴3 − 𝒴1𝒴3
′) + 𝐴2

−1𝐴3𝑀𝒴3〉 𝒴4(−1) = α2 

𝒴5
′ = 𝒴6  𝒴5(−1) = 1 

𝒴6
′ =

1

𝐴4
〈+𝐴5𝑃𝑟𝒴6(𝜂𝛼 − 𝒴1𝑅𝑒) + 𝐴1𝐵𝑟 𝑅𝑒

2𝒴3
2〉 𝒴6(−1) = α3 

𝒴7
′ = 𝒴8  𝒴7(−1) = 1 

𝒴7
′ = 〈+𝑆𝑐 𝒴8(𝜂𝛼 − 𝒴1  𝑅𝑒) − 𝐾𝑟𝒴7〉 𝒴8(0) = α4 

The compared are approximated using HAM-based Mathematica package and with the ones reported in existing literature. 

𝐴1

𝐴2
𝑓′′′′ + 𝛼(3𝑓′′ + 𝜂𝑓′′′) + 𝑅𝑒(𝑓′𝑓′′ − 𝑓𝑓′′′) + 𝐴2

−1𝐴3𝑀𝑓
′′ = 0  

In ADM method  Eq. (9) can be written 

ℒ𝑓′′′′ =
𝐴1

𝐴2
〈+𝛼(3𝑓′′ + 𝜂𝑓′′′) + 𝑅𝑒(𝑓′𝑓′′ − 𝑓𝑓′′′) + 𝐴2

−1𝐴3𝑀𝑓
′′〉.                                                                                                 (A.1) 

Here the operator of differential ℒ  and the operator of inverse  ℒ−1 are presented respectively by 

ℒ𝑓 =
𝑑4

𝑑4
,                                     

ℒ𝑓
−1(∎) = ∫ ∫ ∫ ∫ (∎)

𝜂

0

𝜂

0

𝜂

0

𝜂

0
𝑑𝜂𝑑𝜂𝑑𝜂𝑑𝜂                                                                                                                                                     (A.2) 

After applying boundary constraints and operating with ℒ−1 on Eq. (A.1), we get 

𝑓 = 𝑓(−1) + 𝑓′(−1)𝜂 + 𝑓′′(−1)
𝜂2

2
+ 𝑓′′′(−1)

𝜂3

6
+

∫ ∫ ∫ ∫
𝐴2

𝐴1
〈+𝛼(3𝑓′′ + 𝜂𝑓′′′) + 𝑅𝑒(𝑓′𝑓′′ − 𝑓𝑓′′′) + 𝐴2

−1𝐴3𝑀𝑓
′′〉

𝜂

0

𝜂

0

𝜂

0

𝜂

0
𝑑𝜂𝑑𝜂𝑑𝜂𝑑𝜂                                                                          (A.3) 

𝑓 = 𝑓(−1) + 𝑓′(−1)𝜂 + 𝑓′′(−1)
𝜂2

2
+ 𝑓′′′(−1)

𝜂3

6
  

However, when the boundary conditions (12) are taken into consideration, the equation (A.3) changes to: 

𝑓(𝜂) = −1 + 𝑎
𝜂2

2
+ 𝑏

𝜂3

6
+ ∫ ∫ ∫ ∫

𝐴2

𝐴1
〈+𝛼(3𝑓′′ + 𝜂𝑓′′′) + 𝑅𝑒(𝑓′𝑓′′ − 𝑓𝑓′′′) + 𝐴2

−1𝐴3𝑀𝑓
′′〉

𝜂

0

𝜂

0

𝜂

0

𝜂

0
𝑑𝜂𝑑𝜂𝑑𝜂𝑑𝜂                         (A.4) 

 Lastly, the following are the elements of the solution that the ADM algorithm produced 

𝑓(𝜂) = 𝑓0 + ∫ ∫ ∫ ∫
𝐴2

𝐴1
〈+𝛼(3𝑓′′ + 𝜂𝑓′′′) + 𝑅𝑒(𝑓′𝑓′′ − 𝑓𝑓′′′) + 𝐴2

−1𝐴3𝑀𝑓
′′〉

𝜂

0

𝜂

0

𝜂

0

𝜂

0
𝑑𝜂𝑑𝜂𝑑𝜂𝑑𝜂                                                      (A.5) 

where 

𝑓0 = −1 + 𝑎
𝜂2

2
+ 𝑏

𝜂3

6
                                                                                                                                                                                   (A.6) 
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