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Abstract: In advanced composite structures, optimizing patch shapes is an important step towards improving the mechanical performance 
of Functionally Graded Materials (FGMs). The optimization of patch shapes was presented in this research for FGM plates using  
an evoltionary algorithm method specifically the Non-dominated Sorting Genetic Algorithm II (NSGA-II) with a Pareto front. The purpose  
of the optimization was to minimize the mode I stress intensity factor (K1), an important contributor to crack growth and the overall integrity 
of structure. A multi-objective optimization was conducted with multiple patch designs. K1 was reduced between 0.95% to 70% while  
maintaining the toughness of the plate some cases and varying the load condition on others. This suggests that the optimized patch shapes 
are capable of minimizing stress concentration and increasing the durability of FGM plates. This study has established a strong foundation 
for future research to be conducted on optimized patch shapes for FGMs. 
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1. INTRODUCTION 

Functionally Graded Materials (FGMs) are an increasing com-
ponent of the aerospace industry applying for design and structural 
support in contemporary aircraft and spacecraft owing to their ca-
pabilities of handling extreme thermal and mechanical stresses 
[1,2]. FGMs can be applied as a material property can gradually 
change over a small distance, unlike aluminum, a traditional ho-
mogenous material that has been used as a structural material in 
aircraft since the usage of aluminum became commonplace in the 
industry [3]. FGMs can meet the demands of use as materials are 
better suited to bridge extreme temperature gradients and implica-
tions from localized mechanical loads. These applications include 
thermal coatings for jet engines turbine or combustion chambers 
(for example) leading edges of the wing of the aircraft (for example), 
critical fuselage structures in military aircraft. In these applications, 
FGMs work to diffuse stresses and resist delamination and thermal 
degradation thus contributing to durability and safety and weight 
reduction with the structures. Compared to aluminum, which is an-
other traditional material, FGMs offer a range of transformative ben-
efits [4]. 

These FGMs exhibit a gradual change in composition that leads 
to gradual variations in their mechanical, thermal, and chemical 
properties. This design is directed toward reducing thermal 
stresses and mechanical mismatches, which makes FGMs well 
suited for applications requiring premier performance in harsh en-
vironments [5,6]. Research has studied coupling Aluminum (Al) and 
Zirconium (Zr). Aluminum offered solid strength and flexibility while 
zirconium provided heat resistance and toughness. They can be 
applied in aerospace, automotive manufacturing, and medical en-
gineering. For example, Al/Zr FGMs functioning as heat shield 

coatings in jet engines and gas turbines, brake discs in car systems, 
and body-friendly materials for dental implants and joint replace-
ments [7–10]. But still, implantation of FGMs shows damage when 
under stresses repeated or high temperature, making their struc-
ture weak [11,12]. To solve the issue, engineers come up with com-
posite patches of CFRP. Studies show that these patches can re-
cover strength and prolong the life of a cracked part [13–15 ]. Ac-
cording to Karuppannan et al. (2013), CFRP patches are effective 
for the repair of aircraft wings, whereas Brandtner-Hafner (2024) 
has utilized these patches to strengthen bridges, Reis et al. (2022) 
having applied them to reinforce pipes [16–18]. Carbon-fiber 
patches do not only act as an overlay; they also ensure distributed 
stress thereby arresting crack propagation. But it is still difficult to 
form these patches into suitable profiles and place the material in 
right locations; this also affects their performance  [15,19,20].  

The finite element method (FEM) is vital for the modelling of 
cracked functionally graded materials (FGMs). It explores the dif-
ferent states of stresses, quality of crack paths, and the evaluation 
of stress intensity factors (K1 ) among other variables. Being the 
early stage in indicating the severity of a crack, the effort to reduce 
the value of K1 is very important in enhancing patch design. To a 
large extent, there exists an innate challenge regarding the choice 
of the patch shape. However, a balance has to be struck between 
the stress-reduced patch and material saving [21]. Classical FEM 
investigations have considerably cast light upon how patches per-
form, yet they provide relatively little insight on the best choices. 

In their bid to overcome the challenges, researchers are in-
creasingly coupling FEM with optimization techniques grounded in 
evolutionary algorithm. The Non-dominated Sorting Genetic Algo-
rithm II (NSGA−II) is particularly recommended for a multi- objective 
optimization problem. NSGA−II works miracles in resolving a trade-
off among conflicting objectives-using the exciting tricks of the 
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Pareto front. They are using Yang and their team in 2024. They 
took NSGA−II and basically optimized the geometrical patch shape 
for repair direction it extended the lifetimes of structures until they 
finally became fatigued. Then they did something interesting. The 
NSGA−II and Finite Element Method (FEM) were used in combina-
tion to model the fiber orientations inside a composite to lower K1 
and increase workability [22,23].   

In this study, we combine FEM simulations with NSGA−II opti-
mization to identify the best shapes for carbon fibre patches on 
cracked Al/ZrO2 FGMs. To this end, the aim is to lessen K1 through 
Pareto front optimization. This good method gives a strong basis 
on which to relate mechanical performance to material application, 
thereby improving the reliability of repairs applied to FGMs. Re-
search results will provide an orderly improvement for this crack 
repair method applied to FGMs in many areas, giving useful ideas 
for the design and tweaking of high-quality patch solutions. 

Recently, the Non-dominated Sorting Genetic Algorithm II 
(NSGA-II) has become a widely used multi-objective optimization 
tool due to its ability to generate a set of optimal trade-off solutions 
to solve complex and often conflicting objectives.  Numerous indus-
trial studies have demonstrated the reliability and capability of the 
algorithm to solve optimization problems in hope of satisfying mul-
tiple criteria for performance.  For example, Zhang et al. [24]. pre-
sented a study combining numerical simulation, response surface 
methodology (RSM), and NSGA-II to optimize low-pressure casting 
parameters for large aluminum alloy wheels.  A key finding was the 
significant improvement in cast quality, which was consistently re-
ported from simulations and confirmed from experiments.  Like-
wise, Wang et al. [25], showed how NSGA-II could be applied to 
optimize laser cleaning parameters for Q390 steel and achieve ef-
ficient rust removal with a clean surface for pre-welding.  In another 
case, Montgomery et al. [26] provide a case study reporting NSGA-
II was better than traditional methods to develop robust experi-
mental designs for mixture experiments under manufacturing toler-
ances, demonstrating greater statistical stability and process relia-
bility. Additionally, Sharma et al. [27]  assessed the sensitivity of 
NSGA-II to its internal parameters during the optimal design phase 
of water distribution systems to characterize the effect of the popu-
lation size and subsequently established guidelines for practitioners 
to increase the efficiency of the algorithm. Likewise, Li et al. [28] 
coupled a backpropagation (BP) neural network with NSGA-II to 
allow the structure of a Giant Magnetostrictive Actuator (GMA) to 
be optimized with respect to intensity, uniformity, and coil losses 
verified through prototype data. Collectively, these investigations 
reinforce the versatility and adaptability of NSGA-II, in particular as 
a hybridization of modeling, artificial intelligence, and simulation 
methods to solve multi-objective optimization problems across a 
wide range of engineering scenarios. 

In this study, finite element method (FEM) simulations are inte-
grated with the Non-dominated Sorting Genetic Algorithm II 
(NSGA-II) to determine the optimal geometrical shapes of carbon 
fiber composite patches for repairing cracked Al/ZrO₂ functionally 
graded material (FGM) plates. The primary objective is to minimize 
the stress intensity factor (K₁) through Pareto front optimization, 
thereby establishing a strong correlation between mechanical per-
formance and material application. This integrated approach en-
hances the reliability of FGM repair strategies and provides valua-
ble insights for the design and optimization of high-performance 
composite patch solutions. The novelty of this work lies in the ap-
plication of NSGA-II for the automatic exploration of a wide range 
of potential patch geometries and the identification of the optimal 
configuration within a reduced computational time. Unlike 

traditional methods that depend on predefined geometries such as 
rectangular, diamond, or elliptical shapes, the proposed methodol-
ogy offers superior flexibility, efficiency, and precision in optimizing 
composite patch designs for functionally graded materials. 

2. ANALYTICAL PACKGROUND 

The variation of material properties across the thickness is 
determined using two homogenization methods: a power-law 
model and an exponential model. The power-law model expresses 
the effective properties of FGM plates based on the framework 
outlined [29,30] (Fig. 1). 

       
Fig. 1. Geometry of a functionally graded material plate 

 

𝑃(𝑧) = (𝑃𝑐 − 𝑃𝑚)𝑉𝑐 + 𝑃𝑚                                                        (1) 

𝑃𝑐 and 𝑃𝑚 represent the Young’s modulus (E), Poisson’s ratio 
(𝜈), and mass density (𝜌) of the ceramic and metal materials, 
located at the top and bottom surfaces of the plate, respectively. 
The volume fraction of the ceramic material, 𝑉𝑐  is expressed as:  

𝑉𝑐 = (
𝑍

ℎ
)𝑝                                                                                    (2) 

where (p) is the power-law index, a positive parameter that controls 
the material distribution across the thickness 𝑍 ∈ [0, ℎ].  

 

Fig. 2.  Illustration of a cracked plate with width 𝑤 and crack length 2a 

The theory of elasticity for isotropic materials forms the founda-
tion of fracture mechanics, with a primary focus on stress concen-
tration at the crack tip. As the radial distance (r) from the crack tip 
approaches zero, the stress theoretically tends toward infinity, 
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rendering conventional stress calculations impractical.  
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To address this limitation, stress intensity factors (SIFs) are 
employed to provide reliable predictions of fracture behavior. In this 
context, (r) represents the distance from the crack tip to the nearest 
calculation point, as illustrated in Fig. 3. The stress components, 
coordinate system, and crack orientation are also presented. The 
crack is assumed to lie within the (xz)-plane, with its front aligned 
along the z-axis.  

 
Fig. 3.  Distribution of stress components at the tip of a crack 

Accurate assessment of a material’s fracture behavior depends 
on determining the stress intensity factor (K). Once (K) is derived, 
the three primary modes of fracture Mode I (K₁), Mode II (K2), and 
Mode III (K3) can be evaluated, as shown in Fig. 4. Equations (3), 
(4), and (5) define the expressions for the stress intensity factor 
(K1) under various loading conditions. While the stresses at the 
crack tip theoretically diverge to infinity, the use of SIFs offers a 
practical means to characterize the fracture response accurately. 
This framework provides essential insights into the propagation and 
failure mechanisms of cracked structures under different loading 
scenarios. 

 
Fig.4. The Three Fundamental Modes of Crack Tip Deformation:  

(a) Mode I - Opening; (b) Mode II - Sliding; (c) Mode III – Tearing 

Fracture toughness measures a material's resistance to brittle 
failure when a crack is present, indicating the stress needed to 
propagate flaws like cracks, voids, or weld defects. Linear elastic 
fracture mechanics (LEFM) is commonly used in the design of crit-
ical components, assuming such flaws. Irwin and his colleagues 

introduced the stress intensity factor (K1), which quantifies fracture 
toughness by characterizing the stress near the crack tip, affected 
by residual and applied loads. For mode-I fractures (opening 
mode), the stress intensity factor 𝐾1⁡predicts crack propagation 
and defines the stress field around the crack. For the plate is sub-
sequently determined as [31]. 

𝐾1 = 𝜎√𝜋𝑎                                                                                (6) 

In functionally graded materials (FGMs), the general form of the 
stress intensity factor reflects the variation in material properties 
throughout the component. The expression you provided captures 
this dependency, ensuring that the stress intensity factor accurately 
represents the influence of the material gradient The stress inten-
sity factor 𝐾1 quantifies the stress near a crack tip and depends on 
the applied stress 𝜎, crack length 𝑎, and a correction function 

𝑓 (
𝑎

𝑤
) as show in Fig. 2 and equation 4 [32]. 

𝐾1 = 𝑓 (
𝑎

𝑤
)𝜎√𝜋𝑎                                                                     (7)     

The correction function 𝑓 (
𝑎

𝑤
) Center crack, length 2a in plate 

of width W  as shown in the equation (5) [31]: 

𝑓 (
𝑎

𝑤
) = 𝜎√𝑊 tan

𝜋𝑎

𝑊
                                                               (8) 

3. NUMERICAL MODEL OF THE CRACKED PLATE 

3.1. Geometry of the model 

The numerical model consists of a functionally graded material 
(FGM) plate made of ceramic and metal, as shown in Fig. 5. Width 
W = 125mm, Height h = 250mm, Thickness e = 2mm. FGM struc-
ture changes material properties from ceramic top to metal bottom 
to resist crack and increase durability. This slow change reduces 
stress buildup and the plate is better at stopping crack from spread-
ing and lasting longer [33]. The plate is subjected to stress test at 3 
levels: 50 MPa, 100 MPa and 150 MPa. FGM plate mechanical 
properties (Young’s modulus and Poisson’s ratio) in Tab. 1 [30].  

Tab. 1. Material properties of metal and ceramic 

Material Young's 
modulus (GPa) 

Poisson's 
ratio 

Mass density 
(kg/m3) 

Aluminum 
(Al) 70 0.3 2702 

Zirconia 
(ZrO2) 

151 0.3 3000 

 
These are the inputs for modeling the material behavior under 

different loads and crack propagation. The calculations use 
USDFLD subroutine in Abaqus to update material properties in real 
time based on field variables during the analysis [34]. Also mixed 
approach is used to account for the gradual change of material 
properties. 

The aim of these simulations is to study stress, crack initiation 
and crack propagation under different applied stresses, to get more 
insight into the structural performance and crack resistance of FGM 
plates. This study also provides more understanding of FGMs in 
real life and the potential of advanced FEM, material modeling and 
multi-objective optimization using NSGA−II for designing crack 
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resistant structures. 
 

 
Fig. 5. The material gradient plate (FGM) 

3.2. Validation of FEM 

Figure 6 presents a comparison between numerical and analyt-
ical results for the  stress intensity factor (K1) under different applied 
stresses (50 MPa, 100 MPa, and 150 MPa) as a function of crack 
length (a). Both methods exhibit similar trends,  confirming a con-
sistent relationship between the crack length and the stress inten-
sity factor. However, small discrepancies appear, particularly at 
larger crack lengths (beyond 20 mm), where the numerical results 
tend to be slightly lower than the  analytical ones. This deviation 
could be attributed to simplifying assumptions in the  analytical 
model, while the numerical solution might better capture stress con-
centration effects at the crack tip through mesh refinement. 

As expected from Linear Elastic Fracture Mechanics (LEFM), 
increasing the applied stress results in higher (K1) values. The nu-
merical and analytical results show close agreement at lower crack 
lengths, but at larger lengths, the differences become more notice-
able. For an applied stress of 50 MPa, both solutions start at lower 
(K1) values, with the numerical approach appearing slightly more 
conservative. Starting from the stress level of 100 MPa, the numer-
ical and analytical curves begin to diverge at about 15 mm in crack 
length. At 150 MPa, the divergences in result are most heavy, which 
may demonstrate an ability for a numerical method to capture com-
plexities such as crack-tip plasticity and geometric effects. This 
agrees with previous fracture mechanics studies, such as those by 
[35,36], which have established that for complex geometries or 
boundary conditions, numerical models often give more accurate 
results. Furthermore, (Kirthan et al, 2014) [37]  noted that the rate 
of crack growth increases with increased levels of stress, as shown 
by the increasing values of (K1) in this figure. Increase in the ap-
plied stress as well as the length of the crack increases the stress 
amplification at the crack tip, hence the exponential growth of K1, 
as observed in the literature. Overall, the numerical model seems 
to be more conservative for shorter crack lengths and may hence 
be advantageous in safety-critical applications, whereas the analyt-
ical method has a tendency to slightly overestimate the value of K1 

for longer cracks. This means that the numerical methods are 
closer to reality in tackling real-life complexities, particularly regard-
ing the crack-tip stress concentration of components under intense 
stress. 

The developed three-dimensional numerical model investi-
gates a cracked Al2024 T3 plate repaired with a carbon-epoxy com-
posite patch. Finite element modeling requires an appropriate 
mesh, particularly around the crack tip where stress and strain gra-
dients are significant. The global mesh employs C3D8 elements (8-
node linear brick elements). To accurately represent the displace-

ment field near the crack tip, singular elements exhibiting a 1 √𝑟⁄   
singularity are used by shifting the intermediate nodes closer to the 
crack tip, in accordance with Abaqus software recommendations. 
Consequently, the mesh around the crack tip is highly refined. For 
our model, the Functionally Graded Material (FGM) plate adopts 
the same material parameters as the aluminum plate. The total 
number of elements depends on the patch shape; for instance, in 
the case of a rectangular patch, the number and size of elements 
for each structural component (aluminum plate, crack front, FM-73 
adhesive, composite patch) are detailed. Element sizes range from 
2 mm in regions far from the crack to approximately 0.078 mm near 
the crack tip, and remain consistent across all simulations to avoid 
mesh-related influence on the results. The adhesive is modeled as 
a third material to account for its actual mechanical properties. The 
interaction between the adhesive and the cracked plate region, as 
well as between the composite patch and the adhesive, is assumed 
to be perfectly bonded (i.e. the two bodies are considered welded 
during simulations). Symmetry allows modeling only one quarter of 
the structure, significantly reducing computation time. The bound-
ary conditions applied to the analyzed plate (Fig. 6).  

 
Fig. 6. Boundary conditions imposed on the structure 
 

 
Fig. 7.   Comparison of Numerical and Analytical Stress Intensity Factors  

(K1) at Different Applied Stress Levels 
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3.3. FEM with carbon fiber-reinforced polymers (CFRP)  
patch 

This study focuses on the analysis of a reinforced plate struc-
ture, utilizing the principle of symmetry to reduce computational 
time by examining only half of the model. The plate is characterized 
by dimensions of 𝑊 = 125 2⁡⁄ 𝑚𝑚  in width, 𝐻 = 250 2⁡⁄ 𝑚𝑚 
in height, and 𝑒 = 125 2⁡⁄ 𝑚𝑚 in thickness. An initial crack, with 
a total length of  2𝑎 = 36𝑚𝑚, is located at the center along the 
longer dimension of the plate. The adhesive layer applied to the 
structure has a thickness of 𝑒𝑎 = 0.2⁡𝑚𝑚, while the patch thick-
ness is 𝑒𝑟 = 1.5⁡𝑚𝑚. In-plane coordinates along the x-axis are 
defined as 𝑥𝑖 = [0,10,20,30,40,50]mm , with corresponding 𝑦𝑖 
values randomly generated between 10 and 40mm, introducing 
spatial variability to the analysis. The mechanical properties of both 
the adhesive and the carbon fiber composite patch are detailed in 
Tab. 2. To simulate realistic loading conditions, a uniform pressure 
of 150 MPa is applied across the plate. 

Functionally  Graded Materials are advanced composites that 
exhibit a gradual transition in material properties, enhancing me-
chanical performance by integrating the strengths of different ma-
terials. In this study, the plate consists of ceramic and metal layers. 
The ceramic layer on the top provides exceptional wear and ther-
mal resistance, while the metallic base offers ductility and damage 
tolerance. Fig. 8 illustrates the use of Carbon Fiber-Reinforced Pol-
ymer (CFRP) patches to repair or reinforce the plate in areas prone 
to cracking. CFRP is commonly employed in structural repairs due 
to its high strength-to-weight ratio, corrosion resistance, and ease 
of application. The non-uniform patch profile emphasizes the im-
portance of optimizing patch geometry to reduce stress concentra-
tions, thereby improving the fatigue life of the repaired component. 
A set of measurement points (x0 ) to (x5 ) is distributed along the 
x-axis, spaced at 10 mm and 50 mm intervals, highlighting regions 
of interest for stress analysis. 

 

 
Fig. 8.   FGM Plate Reinforced with Carbon Fiber-Reinforced Polymer (CFRP) Patches under Tensile Loading with Ceramic-Metal Gradient Layers and 

Patch Optimization Paths 

Tab. 2. Mechanical properties of composite patch and adhesive 

 Composite 
patch 

Adhesive 

𝐸1(GPa) 135 2.1547 

𝐸2(GPa) 9  

𝐸3(GPa) 9  

𝐺12(GPa) 5  

𝐺13(GPa) 5  

𝐺23(GPa) 8  
𝜈12 0.3 0.34 

𝜈13 0.3  

𝑉23 0.02  

The contour lines indicate varying crack growth paths or stress 
distributions under loading. Along the thickness of the plate, several 
points are marked (y1 , y2 , ..., y6 ) where the stress intensity factors 
(SIFs) could be evaluated, which is essential for understanding 
crack propagation behavior in layered materials. The applied 
tensile stress σ, indicated by vertical arrows on both surfaces, 
creates a loading scenario that mimics real-life conditions where 
FGMs might experience mechanical stress. The interaction 
between the layered FGM structure and the CFRP patch aims to 
optimize stress transfer while minimizing crack growth and 
preventing structural failure. 
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Fig. 9.   Optimization Flowchart Using NSGA-II and Pareto Front Method 

to Identify Optimal Patch Geometries through Abaqus 
Simulations 

Fig. 9 Flowchart of the optimization process using NSGA−II 
to obtain the optimal patch geometries from Pareto front. This is 
necessary when dealing with multi-objective problems such as 
minimization of K1 and maximization of V for better performance of 
the patch. It does this by first generating a population of possible 
solutions with parameters; these parameters will most likely be 
geometric dimensions or material properties of the patch. The 
population is allowed to evolve through generations, with Abaqus 
modeling and evaluating each solution for K1 and V in orde to 
measure its performance. In each iteration, NSGA−II evaluates the 
population, ranking solutions based on non-dominance. The best 
population from each generation is selected and refined through 
this evolutionary approach. The loop continues as long as the 
number of generations (NGen)⁡is less than the maximum allowed 
generations (𝑁𝐺𝑒𝑛𝑚𝑎𝑥). When the maximum number of 
generations is reached or the algorithm converges, the process 
yields the Pareto front a set of non-dominated, optimal solutions. 
This front represents the best trade-offs between conflicting 
objectives, such as minimizing stress while maintaining patch 
volume, providing insight into the most effective patch geometries. 
 The NSGA−II (Non-dominated Sorting Genetic Algorithm II) 
method is a multi-objective optimization algorithm widely used to 
solve complex problems where multiple, often conflicting objectives 
need to be optimized simultaneously. The algorithm starts by 
generating an initial population Pt, then creates a population Qt by 
applying genetic operators such as selection, crossover, and 
mutation. These two populations are merged to form Rt, a 
combined population. Then, Rt is sorted into several fronts F1, F2,.., 
using a Pareto dominance-based sorting: front F1 contains the non- 
dominated solutions, followed by the successive fronts F2, F3, etc. 
Within each front, a measure called crowding distance is used to 
assess the diversity of solutions. Individuals are prioritized to 
ensure a good distribution of solutions on the Pareto front. The new 
population Pt+1 is then formed by selecting individuals from the 
successive fronts until the maximum population size is reached, 

giving priority to those who contribute to the diversity if necessary 
(Fig. 10). These steps are repeated until the stopping criterion is 
met [38]. 

 
Fig. 10. Flowchart of the NSGA-II Multi-Objective Optimization Process 

for Patch Geometry and Stress Intensity Factor Minimization  

The optimization of the proposed model relies on determining 
the optimal geometric parameters of a patch, defined by the input 
vector y1 , y2 , y3 . In this vector, y1 , y2 , and y3 represent the 
ordinates describing the shape of the patch, while a corresponds to 
the crack length. The goal of this optimization is to simultaneously 
minimize two main outputs: the patch volume and the stress 
intensity factor K1 , which measures the effect of the crack on local 
stresses. To achieve this goal, a multi-objective optimization 
approach is employed, enabling the search for an optimal balance 
between these two criteria. Minimizing the patch volume aims to 
reduce the amount of material needed, contributing to the efficiency 
and lightness of the solution. At the same time, reducing K1 is 
essential for improving the durability and mechanical strength of the 
structure by limiting crack propagation. 

4. RESULT AND DISCUSSION 

4.1. Influence of 𝜼𝒄 and 𝜼𝒎  

The optimal combination of parameters 𝜂𝑐  and 𝜂𝑚, as 
depicted in Fig.11, occurs when both parameters have moderate to 
high values, such as 𝜂𝑐  = 2 and 𝜂𝑚  = 10. This combination allows 
for a good trade-off between reducing the patch volume and 
minimizing the stress intensity factor K1 while maintaining sufficient 
diversity in the solutions. A higher value of ηc seems to accelerate 
the reduction of volume without significantly compromising K1 
performance, thus widening the Pareto front by offering a range of 
optimal solutions. Therefore, this combination provides a balanced 
and effective set of solutions, maximizing repair performance while 
keeping the patch volume minimal. The Non-dominated Sorting 
Genetic Algorithm II (NSGA−II) was employed to identify optimal 
solutions along the Pareto front, balancing tradeoffs between 
conflicting objectives, such as minimizing degradation while 
maintaining structural stability [39]. 



DOI 10.2478/ama-2025-0087                                                                                                                                                          acta mechanica et automatica, vol.19 no.4 (2025)  

 

785 

 

Fig. 11. Influence of Parameters 𝜂𝑐 and 𝜂𝑚 on Volume Reduction (V) as a Function of (k1) with NSGA-II Pareto Front Optimization. 

4.2. Influence of number of population 

The evolution of the Pareto front using NSGA−II optimization 
for varying population sizes (10, 20, 30, 40, 50, and 60) 

demonstrates the trade-off between volume V and K1. As 
illustrated in Fig. 12, each plot captures the spread of solutions 
over 10 generations, with distinct colors representing the 
progression across generations. 

 
Fig. 12. Evolution of the Pareto Front with NSGA-II Optimization for Different Population Sizes 
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It is evident that population size significantly affects both the 
convergence and diversity of the Pareto front. At smaller popula-
tions (e.g., 10), the solutions are sparse, limiting the algorithmics 
ability to explore the solution space effectively. As the population 
size increases to 20, the Pareto front becomes well-defined and 
expands across a broader range of (K1) and (V), suggesting a bet-
ter balance between exploration and exploitation. With further in-
creases in population (30, 40, 50), the solution density along the 
front improves; however, beyond 20, the marginal gains diminish, 
leading to redundant solutions and higher computational costs with-
out significant improvements in optimization quality. A population 
size of 20 provides an optimal balance, ensuring the Pareto front is 
well-formed while maintaining a wide spread of values for (K1) and 
(V ). This result aligns with prior works, such as Worthington et al. 
(2023), which demonstrated that increasing population size initially 
improves convergence but eventually leads to slower optimization 
with diminishing returns [40]. Similarly, Zhang et al. (2023) empha-
sized the importance of balancing exploration and exploitation, not-
ing that too small a population hinders convergence, while larger 

sizes increase computational time unnecessarily [41]. NSGA−II 
with a population size of 20 offers the most effective trade-off be-
tween convergence and solution diversity. Although higher popula-
tions (e.g., 40, 50) improve coverage, they also introduce compu-
tational inefficiencies with limited improvement in the Pareto front’s 
structure. This study suggests that adaptive population strategies 
or hybrid algorithms could further optimize performance. 

4.3. Influence of number of generations 

To determine the optimal number of generations for our model, 
we initially set the population size to 20 individuals. As illustrated 
in Fig.13, the algorithm demonstrates noticeable convergence after 
approximately 20 generations. To ensure robust and reliable 
results, we extended the number of generations to 30 for the 
remaining calculations, allowing the model to achieve a stable 
solution without unnecessary computational overhead. 

 
Fig. 13. Convergence of the NSGA-II Algorithm with Respect to the Number of Generations 

4.4. Patch dashboard based on volume and stress intensity 
factor K1 

Figure 14 shows the relationships between patch width (Wₚ), 
patch height (hₚ), stress intensity factor K1 , and patch volume V in 
the patch optimization dashboard. Configurations in this figure are 
Pareto-optimal solutions that other the best trade-offs between ma-
terial usage and stress reduction. To enable comparisons of differ-
ent designs more easily, a normalized parameter is defined, Pvk = 
(v /k1 /100), which enhances flexibility for engineers to choose con-
figurations according to specific goals, such as minimum material 
use or maximum reduction of stresses. The dashboard also shows 
the variation in crack length (10mm, 18mm and 26mm) in the opti-
mization process. This presents a more complete approach com-
pared to other studies by combing Abaqus simulations with multi-
objective optimization using NSGA−II. In the case of conventional 
optimization techniques, they are usually performed by using deter-
ministic methods or trial-and-error approaches by using infnite ele-
ment methods (FEM), which limit the search for the solution space. 

By contrast, NSGA−II finds a set of non-dominated solutions that 
show a better set of volume-K1 trade-offs and provide the decision-
maker with an enhanced perspective. It considers some critical en-
hancements over previous literature. For instance, (Yang et al, 
2024) [22] proposed the optimization of patch designs through the 
use of the stop-hole technique; their reliance on manual parameter 
tuning hindered the efficiency of the simulations themselves. Using 
the technique of NSGA−II, our method gives a Pareto front of opti-
mal solutions without manual intervenetion. Meanwhile, genetic al-
gorithms were used by (Poirier et al, 2013) [42] in single-objective 
optimization, either minimizing volume or reducing stress concen-
tration, but our work extends the previous research by tackling both 
objectives simultaneously and presenting those solutions interac-
tively. The proposed approach of coupling FEM simulations with 
NSGA−II not only accelerates the optimization process but also ef-
fectively provides the optimal solutions. The major advantage of 
this approach is the dynamic selection of Pareto-optimal solutions, 
thus enabling the engineers to make choices in designing patches 
that satisfy specific constraints. The introduction of the parameter 
Pvk opens up new avenues for the comparison of patches in view 
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of sustainable use of materials with no compromise on crack re-
sistance. The search for Pareto-optimal solutions means less com-
putational effort because fewer unnecessary simulations are re-
quired; thus, time and resources are saved. The present study rep-
resents the first attempt to integrate FEM simulations with multi-
objective optimization using NSGA−II. It provides a solution for 
crack repair that is workable, efficient, and sustainable through 

combining flexible solution selection, interactive visualization, and 
the innovatory parameter. This work makes a valuable contribution 
to fatigue crack repair in metals and especially to the discipline of 
repair optimisation, enhancing the effectiveness and efficiency of 
optimization in patch design compared to methodologies that have 
thus far been followed. 

 

 
(a) 

 

(b) 
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(c) 

Fig. 14. Patch Dashboard for Multi-Objective Optimization of Crack Repair: Trade-offs Between Volume and Stress Intensity Factor (K1); a) 2a=10 mm,  
b) 2a=18mm, c) 2a=26mm

5. CONCLUSION 

In this work, the patch shape of a functionally graded material 
plate is optimized using the Non-dominated Sorting Genetic 
Algorithm II. The major goal of the study is to minimize mode I 
stress intensity factor, K1 , that plays a significant role in the 
determination of crack propagation. Different trade-offs were 
investigated by utilizing the Pareto front, and the optimal crack 
shapes for repair were identified. Optimization resulted in a number 
of important results: 

− The optimized patch shapes reduced the mode I stress 

intensity factor K1, which means a significant improvement in 

the plate resistance to crack propagation. 

− Several configurations of effective patches were found, which 

show that certain geometries can effectively distribute the 

stress and reduce crack growth. 

− The Pareto front analysis highlighted the trade-offs among 

different design parameters, facilitating informed decision-

making with respect to optimal shapes. 

− The Pareto front highlighted the trade-offs for various design 

parameters and hence allowed making an informed decision on 

optimum shapes. 

− These shapes obtained were chosen as the optimum since they 

minimized not only K1 but generally improved the performance 

of the FGM plate in different loadings. 

− Moreover, it allows the possibilities of taking up more variables 

that can affect 
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