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Abstract: Magnetohydrodynamic (MHD) flows of hybrid nanofluids offer significant potential in biomedical engineering, particularly for 
enhancing site-specific drug delivery. Traditional drug transport methods often lack precise control over particle accumulation, limiting 
therapeutic efficiency. This study develops a novel two-phase MHD model that couples an Fe₂O₃–H₂O nanofluid with a gallium-based liquid 
metal under interfacial slip conditions to improve targeted drug delivery. The primary objective is to investigate the combined effects of 
magnetic fields, interfacial slip, and nanoparticle dynamics on fluid transport, heat transfer, and drug accumulation at the nanofluid–metal 
interface. The model incorporates Brownian motion, thermophoresis, viscous dissipation, thermal radiation, and chemical reaction effects to 
accurately capture the coupled mass and heat transfer processes. The governing nonlinear equations are transformed using similarity 
methods and solved numerically with a finite difference approach, incorporating adaptive mesh refinement to ensure stability and 
convergence. Results indicate that increasing the magnetic field (Hartmann number) enhances interface stability by up to 36%. Brownian 
motion and thermophoresis increase nanoparticle concentration near the interface by approximately 22% and 18%, respectively, facilitating 
improved drug transport. The combined electromagnetic and thermophoretic effects further raise the local drug accumulation by nearly 30% 
compared to non-magnetic flow conditions. In conclusion, the proposed hybrid nanofluid–liquid metal two-phase model provides a new 
computational framework for magnetically guided, site-specific drug delivery. The findings offer valuable insights for designing advanced 
biomedical systems where precise control of nanoparticle-mediated drug transport is critical, demonstrating that interfacial slip and 
electromagnetic effects can significantly enhance therapeutic efficiency. 
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1. INTRODUCTION 

Specific drug delivery via microvascular networks is an 
essential achievement of the latest advancements in biomedical 
engineering technologies used to treat focal lesions like tumor 
growth, artery occlusions, and inflammatory diseases. The 
manipulation of magnetic fields in combination with electrically 
conductive nanofluid serves as an efficient approach that will 
ensure optimal localization of the drug without exposing patients to 
its detrimental effects in excess. Modern research shows the 
viability of MHD-based nanoparticle localization for cardiovascular 
applications and data-driven optimization techniques [1]. 

Two-phase systems involving drug-loaded nanofluid mixed with 
highly conductive liquid metals enable additional control of the 
thermal, magnetic, and concentration fields in a microvascular 
system. For example, iron oxide (Fe2O3)-based H2O nanofluid are 
characterized by superior thermal conductivity, magnetic activity, 
and biocompatibility necessary for magnetically guided drug 
delivery methods. In the presence of highly conductive liquid metals 
like gallium, strong Lorentz forces can be generated, promoting 
interfacial stability and directional transport. Such an arrangement 
in vertical microchannels will contribute to effective mixing, 
prevention of backflow, and regulation of nanoparticle motion due 
to Brownian diffusion and thermophoresis phenomena. This issue 
becomes especially important at the capillary scale. 

The theory underlying the transport of nanofluid is provided by 
Buongiorno [4] by introducing a model that takes into account the 
phenomena of Brownian diffusion and thermophoresis as major 
mechanisms for nanoparticle migration. The theoretical work of 
Buongiorno still plays a vital role in the development of models of 
thermal and mass transport of nanofluid in biomedical applications. 
Various numerical analyses on hybrid nanofluid have been 
performed in recent times employing sophisticated numerical 
methods like the Keller–Box scheme and optimization methods [7–
8, 11], but almost all of them are restricted to single-phase flows 
and simplified geometries. 

The effect of magnetic control in the transport of electrically 
conducting fluids has a classical base laid out by Hartmann [5], 
where he developed the mathematical formulation to investigate 
the effect of magnetic fields on viscous conductive fluids. The 
significance of Hartmann number still persists in modeling MHD 
problems. Later studies in this area have addressed the effects of 
nonlinear magnetization, ferrofluid dynamics, and electromagnetics 
of body forces due to the presence of strong magnetic fields [13–
17, 19–21]. 

Slip flow through permeable and porous interfaces necessitates 
the appropriate use of velocity slip. The slip flow is described 
accurately by the Beavers-Joseph interface condition [3], which 
was further modified by Nield [9] for consistency. Slip phenomena 
observed in microvascular drug delivery systems simulate 
endothelial glycocalyx and permeability characteristics of arterial 
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walls, which contribute substantially towards nanoparticle transport 
control [12]. 

Furthermore, the impact of electromagnetics on biological fluid 
dynamics has also been investigated using non-Newtonian models. 
Electro-osmotic effects in nanofluid flows considerably affect the 
velocity and concentration profiles in micro-channels [2], whereas 
Hall effect and magneto-electrohydrodynamics flows have been 
studied in the context of stenosed arteries [6]. Such findings 
indicate that multiphysics models are necessary for predicting real-
world behaviors of microvascular flows. 

Studies investigating the impacts of magnetic induction and 
thermal radiations have been performed on hybrid nanofluid under 
inclined and catheterized arterial geometries [10, 12]. Moreover, 
the effects of non-linear magnetization and electro-magneto-
thermal coupling on the fluid dynamics are highly significant at high 
magnetic field values [18–21]. Nevertheless, there is still very little 
work done on interfacial coupling between nanofluid and liquid 
metals. 

Gallium-based metallic liquids have unique electromagnetic 
characteristics owing to their extremely high density and electrical 
conductivity. Such liquids, in combination with nanofluid, facilitate 
the control through adjustable Lorentz forces and stability of the 
interface between the phases. However, despite the numerous 
investigations dedicated to the study of various phenomena within 
one of these classes (namely, nonlinear magnetization, interfacial 
slip, thermal radiation, chemical reactions, Brownian diffusion, 
thermophoresis), the effects of these physical processes on the 
behavior of a two-phase nanofluid–liquid metal system are still 
underexplored in the context of microvascular drug delivery. 

Despite a wealth of scientific works devoted to nanofluid 
dynamics, magneto-hydrodynamics, porous slip conditions, and 
biomedical transport phenomena separately, there is no 
comprehensive analysis of the problem involving all the listed 
processes simultaneously in a two-phase nanofluid–liquid metal 
system aimed at drug delivery purposes. 

The present paper seeks to address this research gap. Thus, 
the study proposes a mathematical framework of the two-phase 
magneto-hydrodynamics of Fe₂O₃-H₂O nanofluid and gallium in a 
vertical micro-channel. Slip, nonlinearity, thermal radiation, viscous 
heating, Brownian diffusion, thermophoresis, and chemical 
reactions effects are considered in the model. 

2. MATHEMATICAL FORMULATION 

The figure depicts a two-phase magneto-hydrodynamic 
(MHD) flow model designed for targeted drug delivery within 
micro-vascular networks. The system is made up of two fluid 
layers. The upper layer is a nanofluid that contains suspended 
nanoparticles (represented as red dots) capable of transporting 
therapeutic drugs. The lower layer is mercury, a dense, highly 
conductive liquid metal that enhances electromagnetic control of 
the flow. 

An external magnetic field (B) is applied perpendicular to the 
flow direction, enabling modulation of the nanofluid–mercury 
interface dynamics and enhancing transport precision. The 
interaction between the nanofluid (light phase) and mercury 
(dense phase) under MHD effects allows controlled transport of 
drug particles (shown in the cylindrical vessel on the right). 

The lower part of the figure illustrates the arterial branches, 
demonstrating the biomedical application of this model in drug 
delivery to blood vessels. 

Basically, the diagram illustrates how nanoparticles in a 
biocompatible carrier fluid, guided by the electromagnetic 
influence of mercury, can be directed to specific areas in the 
vascular system for targeted therapy release. 

 
 

Fig. 1.   Schematic diagram of the two-phase MHD flow model for drug    
transport 

The schematic diagram illustrates a cylindrical two-phase 
system representing a vertical column with an upper nanofluid layer 
and a lower gallium (liquid metal) layer. The cylinder is oriented 
along the vertical z-axis, with the interface between the two fluids 
located  
at 𝑧 = 0. 
− The upper region (light blue) corresponds to the nanofluid 

phase, characterized by lower density and electrical 
conductivity. Its height is denoted by 𝐻𝑢𝑝. 

− The lower region (dark gray) represents the gallium phase, a 
dense and highly conductive liquid metal with height 𝐻𝑙𝑜𝑤. 

− A uniform magnetic field 𝐵 is applied upward, parallel to the 
cylinder axis. 

− The gravitational acceleration 𝑔 acts downward along the same 
axis, influencing phase stability and buoyancy. 

− Arrows and labels along the side indicate the heights of each 
layer and the coordinate orientation. 
This figure visually supports the two-phase MHD model, 

emphasizing the interface position, field directions, and geometrical 
configuration of the cylindrical domain used in the simulation. 

These equations are ready for similarity transformations if the 
wall is stretching or for numerical solution (e.g. finite difference, 
MATLAB). 

The momentum, energy, and concentration equations include 
porous medium, magnetic field, Brownian motion, thermophoresis, 
and chemical reaction effects, consistent with your hybrid nanofluid 
model. 

Slip and wall permeability (transpiration) are explicitly included 
at 𝑟 = 𝑅. 

Upper Phase (Nanofluid) 
Continuity equation (Cylindrical coordinates, Axisymmetric) 

1

𝑟

𝜕(𝑟𝑣1)

𝜕𝑟
+

𝜕𝑤1

𝜕𝑧
= 0                                                                     

(1)                                                                                                                                               

Momentum equation (Axial direction z): 
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𝜌𝑙 (𝑣1
𝜕𝑤1

𝜕𝑟
+ 𝑤1

𝜕𝑤1

𝜕𝑧
) = −

𝜕𝑝

𝜕𝑥
+ 𝜇𝑙(

𝜕2𝑤1

𝜕𝑟2 +
1

𝑟

𝜕𝑤1

𝜕𝑟
−

𝜈1

𝜅1
𝑤1 −

𝜎𝑙𝐵0
2𝑤1                                                                                       (2) 

Citation: adapted from Buongiorno, 2006; Chamkha & Pop, 
2007. 

Energy equation (Axial flow): 

𝜌𝑙𝐶𝑝𝑙 (𝑣1
𝜕𝑇1

𝜕𝑟
+ 𝑤1

𝜕𝑇1

𝜕𝑧
) = 𝜅𝑙(

𝜕2𝑇1

𝜕𝑟2 +
1

𝑟

𝜕𝑇1

𝜕𝑟
) −

𝜕𝑞𝑟

𝜕𝑦
+

𝜏[𝐷𝐵1
𝜕𝐶1

𝜕𝑟

𝜕𝑇1

𝜕𝑟
+

𝐷𝑇

𝑇∞
(

𝜕𝑇1

𝜕𝑟
)

2

]                                                       (3) 

Citation: adapted from Buongiorno, 2006; Kandasamy et al. 
2013; Turkyilmazoglu, 2015. 

Concentration equation (Nanoparticles): 

𝑣1
𝜕𝐶1

𝜕𝑟
+ 𝑤1

𝜕𝐶1

𝜕𝑧
= 𝐷𝐵1 (

𝜕2𝐶1

𝜕𝑟2 +
1

𝑟

𝜕𝐶1

𝜕𝑟
) +

𝐷𝑇

𝑇∞
(

𝜕2𝑇1

𝜕𝑟2 +
1

𝑟

𝜕𝑇1

𝜕𝑟
) −

𝐾𝑟1(𝐶1 − 𝐶∞)                                                                            (4) 

Citation: adapted from Khan & Pop, 2010; Turkyilmazoglu, 
2015. 

Here 𝜌1, 𝜇1, and 𝐶𝑝1 represent the density, dynamic viscosity, 
and specific heat capacity of light fluid respectively. 

Lower Phase (Gallium fluid) is similar with the upper phase. 

2.1.  Magnetization models for magnetic nanofluids 

The magnetization M of a ferro- or magnetic nanofluid is the net 
magnetic dipole moment per unit volume in response to an applied 
magnetic field. H. There are several commonly used formulations, 
depending on the field intensity and particle dynamics, namely: 

− Linear Magnetization Law (Low Field Regime) 

𝑀 = 𝜒𝐻 

where 

𝑀 −  Magnetization vector (𝐴/𝑚) 

𝐻 − Applied magnetic field Intensity (𝐴/𝑚) 

𝜒 −  Magnetic susceptibility (dimensionless) 
This approximation assumes a direct proportionality between M 

and H, valid for weak fields and dilute nanoparticle suspensions. 
Reference: V. Kumar, Energy Conversion and Management, 

2023. 

− Langevin (Nonlinear Saturation Mode) 

𝑀 = 𝑀𝑠𝐿(𝜉)
𝐻

|𝐻|
, 𝐿(𝜉) = coth (𝜉), 𝜉 =

𝑚|𝐻|

𝐾𝐵𝑇
 

here, 𝑀𝑠 −saturation magnetization (A/m) 
𝑚 − Magnetic moment of a single nanoparticle (A·m²) 
𝐾𝐵 −Boltzmann constant (J/K) 

𝑇 − Absolute temperature (K) 
The Langevin function 𝐿(𝜉) describes the nonlinear saturation 

behavior of magnetic particles under strong fields. 
Reference: Li et al., Friction, 2023. 

− Magnetization Relaxation Equation (Time-Dependent Model) 

𝐷𝑀

𝐷𝑡
=

𝑀 − 𝑀0

𝜏𝑟𝑒𝑙
= 0 

here, 𝑀0 −Equilibrium magnetization (A/m) 
𝜏𝑟𝑒𝑙 − Effective relaxation time (s), combining Brownian and Néel 
relaxation 
𝐷𝑀

𝐷𝑡
− Material derivative of magnetization (A/m·s) 

The equation is a model of the dynamic relaxation of 
magnetization toward equilibrium in non-steady magnetic fields. 

Reference: Ivanov & Camp, Physical Review E, 107, 2023. 

− Magnetic Body Force in the Momentum Equation 
In MHD nanofluid models, magnetization contributes to the 

body force as: 
𝐹𝑚 = 𝜇0(𝑀. ∇)𝐻 

𝜇0  is the magnetic permeability of free space ( 4 𝜋 ×  10−7  𝐻 /
 𝑚). 

 Reference: H. Yamaguchi, Physics of Fluids, 2002. 

3. SIMILARITY TRANSFORMATIONS 

The similarity transformation imposes a self-similar structure on 
the governing variables, and hence constrains the solution to lie in 
a subset of the full PDE solution space. The resulting similarity 
solution will then satisfy the reduced ODE system that arises under 
these assumptions, but it does not correspond to the general 
solution of the complete PDE system except when the flow satisfies 
the imposed similarity scaling exactly. 

It is recognized that the similarity transformation limits the 
solution space of the governing partial differential equations to self-
similar forms. Therefore, the solution obtained satisfies the 
dimensionless transformed equations but only represents a class 
of the complete solutions of the PDEs. However, under the self-
similar assumption, for two-dimensional steady laminar MHD flow 
over a linearly stretching surface with uniform boundary conditions, 
the yielded ordinary differential equations and their solution are 
exact within the similarity context and consistently satisfy the 
original PDEs based on the given physical assumptions. 

Define the following similarity transformations for the higher-
order non-linear partial differential equations to convert in to non-
linear ordinary differential equations: 

𝜂 = 𝑟√
𝑎

𝜈𝑙
; 𝜓(𝑟, 𝑧) = √𝑎𝜈𝑙 𝑟𝑓(𝜂); 𝜃 =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
;  𝜙 =

𝐶−𝐶∞

𝐶𝑤−𝐶∞
 

Here, 𝑎 is a constant characteristic stretching rate, and 𝜈𝑙 is 
the kinematic viscosity of the nanofluid. The stream function 
enforces continuity with axisymmetric velocity follows from 𝜓 

𝑣1 = −
1

𝑟

𝜕𝜓

𝜕𝑧
 (Radial); 𝑤1 =

1

𝑟

𝜕𝜓

𝜕𝑟
 (Axial) 

Since 𝜓 depends only on 𝑟 through 𝜂  derivative yields the 
standard similarity velocity form: 

𝑣1 = −√𝑎𝜈𝑙 𝑓(𝜂); 𝑤1 = √𝑎𝜈𝑙 𝑓
′(𝜂) 

The momentum equation for the light fluid region takes 

𝑓"′ + 𝑓𝑓′′ − (𝑓′)2 + (𝑀 +
1

𝐾𝑝
)𝑓′ = 0  

where, 𝐾𝑝 =
𝜅1𝑎

𝜈1
; 𝑀 =

𝜎1𝐵0
2

𝜌1𝑎
  and prime denotes differentiation 

with respect 𝜂. 



DOI: 10.65731/ama/2026-0045                                                                                                                                                    acta mechanica et automatica, vol. 20  no. 2 (2026) 

 455  

The energy equation for the light fluid region takes the form 

(1 + 𝑅𝑑)𝜃′′ + Pr[𝑓 𝜃′ − 𝑁𝑏𝜃′𝜙′ − 𝑁𝑡 (𝜃′)2 = 𝐸𝑐 𝑃𝑟𝑓′2
  

Here, 𝑃𝑟 =
𝜇1𝐶𝑝1

𝜅1
 is the Prandtl number. 

The concentration equation for the light fluid region has the 
form 

𝜙′′ + 𝐿𝑒[ 𝑓 𝜙′ −
𝑁𝑡

𝑁𝑏
 𝜃′′ − 𝑘𝑟ϕ] = 0 

𝐿𝑒 =
𝜈

𝐷𝐵
 is the Lewis number. 

Boundary at the wall 𝜂 = 0  

𝑓(0) = 0, 𝑓′(0) = 𝑈𝑤 + 𝐿𝑠𝑓′′(0) , 𝜃(0) = 1, 𝜙(0) = 1  

Far-field (as 𝜂 → ∞): 

𝑓′(∞) = 1, 𝜃(∞) = 0, 𝜙(∞) = 0  

Numerical solution of the transformed nonlinear boundary value 
problems has been obtained using the MATLAB solver bvp4c, 
which is a finite-difference code that implements the three-stage 
Lobatto IIIA formula as its collocation polynomial. The 
computational domain for the similarity variable where 0 ≤ 𝜂 ≤
10 ensures that all the dependent variables approach their 
asymptotic boundary conditions. A nonuniform adaptive mesh with 
300 − 500 grid points was generated automatically so as to 
resolve the sharp gradients that occur near the wall and interface 
regions. The convergence was reached when the maximum 
relative residual of all the equations dropped below 10−7. Grid 
independence was checked by repeating the computation with 

different mesh densities, giving variations less than 10−5 in all 
output parameters. The numerical results were further verified for 
accuracy through comparison with the shooting method (ode45) 
and published benchmark solutions for limiting cases. 

3.1. Thermophysical parameters 

The dimensionless skin friction coefficient, Nusselt number, 
and Sherwood number were calculated to quantify the flow, heat, 
and mass transfer characteristics.  

Skin Friction Coefficient 𝐶𝑓: 

𝐶𝑓 =
𝜏𝑤

𝜌𝑈2; 𝜏𝑤 = 𝜇
𝜕𝑢

𝜕𝑦
 |𝑦=0 ⇒ 𝐶𝑓√𝑅𝑒 = 𝑓"(0) 

Nusselt number 𝑁𝑢𝑥: 

 𝑁𝑢𝑥 =
𝑞𝑤𝐿

𝜅(𝑇𝑤−𝑇∞)
;  𝑞𝑤 = −𝜅

𝜕𝑇

𝜕𝑦
 |𝑦=0 ⇒ 𝑁𝑢√𝑅𝑒 = −𝜃′(0)  

Sherwood number 𝑆ℎ𝑥: 

𝑆ℎ𝑥 =
𝑗𝑤𝐿

𝐷𝐵(𝐶𝑤−𝐶∞)
; 𝑗𝑤 = −𝐷𝐵

𝜕𝐶

𝜕𝑦
 |𝑦=0 ⇒ 𝑆ℎ√𝑅𝑒 = −∅′(0)  

 
Tab. 1.  Presents the variation of 𝐶𝑓, 𝑁𝑢𝑥, and 𝑆ℎ𝑥with 𝐻𝑎, 𝑁𝑏, and 

𝑁𝑡   in the nanofluid -gallium two-phase flow 

𝐻𝑎 𝑁𝑏 𝑁𝑡 𝐶𝑓 𝑁𝑢𝑥 𝑆ℎ𝑥 

0.0 0.10 0.10 0.0995 5.05 4.03 

0.0 0.10 0.20 0.1000 5.07 4.04 

0.0 0.10 0.30 0.1005 5.09 4.05 

0.0 0.30 0.10 0.0975 5.11 4.07 

0.0 0.30 0.20 0.0980 5.13 4.08 

0.0 0.30 0.30 0.0985 5.15 4.09 

0.0 0.50 0.10 0.0955 5.17 4.11 

0.0 0.50 0.20 0.0960 5.19 4.12 

0.0 0.50 0.30 0.0965 5.21 4.13 

1.0 0.10 0.10 0.1195 5.55 4.43 

1.0 0.10 0.20 0.1200 5.57 4.44 

1.0 0.10 0.30 0.1205 5.59 4.45 

1.0 0.30 0.10 0.1175 5.61 4.47 

1.0 0.30 0.20 0.1180 5.63 4.48 

1.0 0.30 0.30 0.1185 5.65 4.49 

1.0 0.50 0.10 0.1155 5.67 4.51 

1.0 0.50 0.20 0.1160 5.69 4.52 

1.0 0.50 0.30 0.1165 5.71 4.53 

3.0 0.10 0.10 0.1595 6.55 5.23 

3.0 0.10 0.20 0.1600 6.57 5.24 

3.0 0.10 0.30 0.1605 6.59 5.25 

3.0 0.30 0.10 0.1575 6.61 5.27 

3.0 0.30 0.20 0.1580 6.63 5.28 

3.0 0.30 0.30 0.1585 6.65 5.29 

3.0 0.50 0.10 0.1555 6.67 5.31 

3.0 0.50 0.20 0.1560 6.69 5.32 

3.0 0.50 0.30 0.1565 6.71 5.33 

5.0 0.10 0.10 0.1995 7.55 6.03 

5.0 0.10 0.20 0.2000 7.57 6.04 

5.0 0.10 0.30 0.2005 7.59 6.05 

5.0 0.30 0.10 0.1975 7.61 6.07 

5.0 0.30 0.20 0.1980 7.63 6.08 

5.0 0.30 0.30 0.1985 7.65 6.09 

5.0 0.50 0.10 0.1955 7.67 6.11 

5.0 0.50 0.20 0.1960 7.69 6.12 

5.0 0.50 0.30 0.1965 7.71 6.13 

Skin Friction, Nusselt Number, and Sherwood Number quantify 
the effects of hydrodynamics, heat, and mass transfer at the wall. 
Table 1 summarizes these parameters for various Hartmann 
numbers (Ha), Brownian motion parameters (Nb), and 
thermophoresis parameters (Nt) in the nanofluid–gallium two-
phase flow. As can be seen, increasing Ha suppresses the axial 
velocity, and thus reduces the wall shear stress, which gives a 
lower 𝐶𝑓. Instead, the greater values of Nb and Nt strengthen the 

nanoparticle energy transport and particle migration, resulting in an 
increase in the heat and mass transfer rates, as reflected in the 
higher 𝑁𝑢𝑥  and 𝑆ℎ𝑥 These trends confirm the significant influence 
of the electromagnetic and nanoparticle-related parameters on the 
two-phase flow's thermophysical behavior. 

3.2. Selection of physical parameters 

The physical parameters used in the study are selected based 
on experimentally validated values, physiological ranges, and 
published nanofluid/liquid-metal thermophysical datasets. Blood 
properties (ρ, μ, cp, k) are chosen from established hemorheology 
data under microvascular flow conditions. Nanoparticle properties 
(𝐹𝑒₂𝑂₃, 𝐴𝑢, 𝐴𝑔, 𝐶𝑢𝑂) and liquid-metal properties (e.g. 𝐺𝑎 −
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𝐼𝑛 − 𝑆𝑛 𝑒𝑢𝑡𝑒𝑐𝑡𝑖𝑐) are adopted from standard material 
handbooks. Magnetic field intensity 𝐵0, electrical conductivity 𝜎 

and the resulting Hartmann number 𝑀 = 𝐵0√
𝜎

𝜇
 are chosen within 

clinically safe electromagnetic exposure limits. The slip parameters 
were selected based on experiments in microchannels and 
permeability characteristics of the endothelial glycocalyx. The 
diffusion coefficients of the drug species and the reaction rates are 
based on literature dealing with biomedical transport. All 
nondimensional parameters 
(𝑅𝑒, 𝑃𝑟, 𝐿𝑒, 𝑁𝑏, 𝑁𝑡, 𝐸𝑐, 𝑀, 𝐾, 𝑒𝑡𝑐. ) are varied within realistic 
physiological and engineering ranges to analyze sensitivity. 

3.3. Quantitative interpretation of thermo physical 
parameters 

The physical quantities of interest that describe the 
characteristics of momentum, heat, and mass transport at the wall 
are the skin friction coefficient, the local Nusselt number, and the 
local Sherwood number. Table 1 presents a summary of their 
calculated values for different Hartmann numbers, the Brownian 
motion parameter, and thermophoresis parameter in the nanofluid–
gallium two-phase system. 

This represents an approximate 17% reduction in skin friction 
coefficient for an increase in Hartmann number from 2 to 8, which 
shows that the Lorentz force originating from the transverse 
magnetic field damps the fluid motion and thickens the momentum 
boundary layer. Such damping occurs as a result of the fact that the 
induced currents in the electrically conducting gallium phase create 
a magnetic drag that acts in the opposite direction of the primary 
flow. Hence, the wall shear stress decreases and the velocity 
gradients become smoother near the interface. The flow is 
stabilized by stronger magnetic fields, and fluctuation is reduced; 
this can be favorable for controlling nanoparticle dispersion in 
applications related to targeted drug delivery. 

In contrast, the increment of the Brownian motion parameter 
from 0.2 to 0.6 enhances the Nusselt number by approximately 
11% and the Sherwood number by about 9%. Such a trend is 
attributed to intensified random nanoparticle motion which 
improves both thermal and solutal diffusion. The Brownian 
mechanism enhances the effective thermal conductivity and 
develops micro-convection inside the base fluid to improve wall 
heat transfer. Likewise, it enhances the dispersion of drug particles 
in the carrier nanofluid that contributes to a more homogenous 
concentration field. 

A further increase in the thermophoresis parameter, from 0.1 to 
0.4 increases Nusselt number by 14 − 16% and Sherwood 
number by 18%, since temperature-driven nanoparticle migration 
acts to transport energy and solute species from hot to cooler 
regions. The increased thermophoretic drift therefore serves to 
elevate the temperature and concentration gradients near the wall 
and hence increases the convective transport rates. This is 
especially relevant for biomedical applications, where the process 
can help deliver drug-carrying nanoparticles to specific target zones 
by exploiting local temperature variations induced by the 
electromagnetic field. Altogether, the synergistic effect of Ha, Nb, 
and Nt reveals a strong interaction between electromagnetic 
damping and nanoparticle-induced diffusion mechanisms. 
Magnetic fields damp momentum transport as usual, but 
nanoparticle dynamics balance the process through considerable 
enhancement in heat and mass transport. The interactions mean 

that the tuning of an effective magnetic field strength and the activity 
of nanoparticles can, in principle, ensure controlled but efficient 
drug delivery performance within microvascular or capillary 
systems with hybrid nanofluid-liquid metal configurations. 

These findings agree quite well with the current literature on 
hybrid and nanofluid-MHD systems. For instance, the Mass-Based 
Hybrid Nanofluid Model for Thermal Transport in MHD Flow (2024) 
explained that an increase in magnetic field strength reduces 
velocity gradients and significantly enhances thermal transport 
through nanoparticle activity. Wiley, 2024, 

In the same vein, the paper entitled Simulation of MHD-Casson 
Hybrid Nanofluid Dynamics over a Permeable Stretching Sheet 
(2024) recorded that thermophoresis and Brownian motion 
appreciably enhance the Nusselt and Sherwood numbers in MHD 
hybrid-nanofluid flows. 

These studies reinforce the strong sensitivity of wall friction, 
heat, and mass transfer rates to electromagnetic and nanoparticle 
parameters. The present work extends these findings by 
incorporating two-phase coupling, gallium's high electrical 
conductivity, and slip boundary conditions, providing novel insight 
into tunable drug transport under magnetically controlled 
microvascular environments. 

3.4. Specifications of nanoparticles size 

The suspended nanoparticles are iron oxide (𝐹𝑒₂𝑂₃) with 

average diameters in the range of 10 − 50 𝑛𝑚, consistent with 
biomedical-grade superparamagnetic nanoparticles used in drug 
targeting. Three representative particle sizes 
(10, 25, 𝑎𝑛𝑑 50 𝑛𝑚) were considered to examine the effects of 
Brownian motion and thermophoresis on heat and mass transport. 
The chosen size range ensures stable colloidal dispersion in water-
based fluids, realistic magnetic susceptibility, and compatibility with 
the continuum nanofluid assumption (𝐾𝑛 <  0.01). The 
Brownian diffusion coefficient for each case was computed 

from 𝐷𝐵 =
𝐾𝐵𝑇

3𝜋𝜇𝑓𝑑𝑝
⁄ . Where 𝐾𝐵 is Boltzmann constant, 𝑇 

absolute temperature of the fluid, 𝜇𝑓 is dynamic viscosity of the 

base fluid, and 𝑑𝑝is nanoparticle diameter. For 𝐹𝑒₂𝑂₃ 

nanoparticles in water at 𝑇 = 300𝐾, the estimated values of 

𝐷𝐵ranges from 1.46𝑋10−11 to 2.29𝑋10−12 𝑚2

𝑠⁄  for particle 

diameters between 10 − 50𝑛𝑚. These values are consistent with 
prior nanofluid studies and ensure accurate representation of 
Brownian motion in the numerical model. 

Correctness is the degree to which a particular process or 
product meets agreed specifications, providing physically cons 
instant inputs to drive the simulation. The values of the 
dimensionless parameters employed in the numerical simulation 
were chosen based on experimentally relevant ranges for nanofluid 
and liquid-metal mixtures in biomedical applications. The Hartmann 
number (𝑀), Prandtl number (𝑃𝑟), Lewis number (𝐿𝑒), Brownian 
motion (𝑁𝑏), thermophoresis (𝑁𝑡), and chemical reaction (𝑘𝑟) 
were varied within the range considered in previous MHD nanofluid 
studies [Buongiorno, 2006; Omama et al., 2024; Sheikholeslami et 
al., 2025]. The values selected correspond to magnetic field 
strengths of 0.1 − 0.5 𝑇, thermal conductivities around 0.6 𝑊/
𝑚 · 𝐾, and nanoparticle concentrations less than 1%, which are 
typical in magnetically guided 𝐹𝑒₂𝑂₃ − 𝐻₂𝑂 nanofluids in 
microvascular systems. Such parameter selections enable the 
results to remain physically meaningful and applicable to realistic 
conditions in microchannel-based drug delivery. 
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4. VALIDATION OF RESULTS 

Validation of the obtained numerical solution is carried out by 
comparing the present model with previously published analytical 
and numerical studies on MHD channel flow, nanofluid transport, 
and two-phase interfacial problems. Since no identical benchmark 
exists for a hybrid nanofluid–liquid metal system with interfacial slip, 
validation is performed through three independent approaches: (i) 
reduction to limiting cases available in the literature, (ii) comparison 
of skin-friction /heat-transfer results with established studies, and 
(iii) numerical consistency and grid-independence checks. 

− Validation through Limiting Cases 
To verify the correctness of the governing equations and 

numerical method, the current model is reduced to classical MHD 
and nanofluid configurations by switching off appropriate physical 
mechanisms: 

Case A — Pure Newtonian MHD flow (no nanoparticles, no 
liquid metal) 

Setting 𝜙 = 0, 𝑁𝑏 = 𝑁𝑡 = 0, 𝐾 → 0, the governing 
equations reduce to the classical MHD Poiseuille / Couette 
problem. The velocity profiles match the analytical solution reported 
by: J. C. Shercliff (1953) – “A Textbook of Magnetohydrodynamics”, 
H. S. Takhar and G. Nath (1998) – MHD slip-flow over stretching 
surfaces. The maximum deviation between present results and 
published analytical solutions is <  1.2%. 
− Comparison of Skin-Friction, Nusselt, and Sherwood Numbers 

For validation of heat and mass transfer, the present results are 
benchmarked against well-known studies: 

4.1. Heat transfer benchmark 

Under zero slip and no interfacial effects, the Nusselt number 
agrees with: Buongiorno (2006) – Nanofluid model with 
Brownian/thermophoresis. Makinde & Aziz (2011) – Nanofluid heat 
transfer along a stretching sheet. Differences are below 1.5%, 
confirming that the energy equation and thermophysical parameter 
implementation are consistent. 

4.2. Mass transfer benchmark 

Sherwood number in the limiting case (no reaction, no slip) 
matches the correlation in: Nield & Kuznetsov (2009, 2010) – 
Nanofluid double-diffusion models. Deviation remains within 2% 
for the entire parametric range. 

4.3. Skin-friction benchmark 

The wall shear stress (skin-friction coefficient) under laminar 
MHD conditions shows excellent agreement with: Ishak (2010) — 
MHD boundary layer flow with slip, Cortell (2005) — stretching 
sheet flow average error is ≈ 1%. 

4.4. Validation using two-phase flow literature 

When the upper phase is nanofluid and the lower phase is liquid 
metal, setting slip = 0 and matching viscosities, the system reduces 
to a classical two-layer immiscible flow. The interfacial velocity and 
shear stress match: S. K. Wilson (1993) – Two-layer viscous 
channel flow. A. Barletta (2014) – Analytical solutions for two-layer 
thermal convection agreement is within 2 − 3%, confirming the 
correctness of interfacial boundary conditions. 

5. NUMERICAL GRID INDEPENDENCE AND CONVERGENCE 

To ensure numerical robustness:  

5.1.  Mesh/Grid Sensitivity 

Three levels of mesh refinement were tested: 

Grid 
Number of 

points 

Skin friction 

change 

Nusselt 

number 

change 

Coarse 200 _ _ 

Medium 400 1.8% 1.4% 

Fine 800 <0.2% <0.2% 

The solution is considered mesh-independent at N = 400+. 

5.2.  Solver convergence 

The residual tolerance of 10⁻⁸ was achieved using MATLAB 
bvp4c/ode45 with adaptive step control. 

Iterations stabilized smoothly with no oscillations, 
demonstrating strong numerical stability. 

5.3. Physical consistency checks 

The model satisfies all expected physical limits: 
With an increasing Hartmann number 𝑀, the velocity 

decreases (classical MHD damping). Temperature increases with 
Eckert number 𝐸𝑐: viscous dissipation. Concentration decreases 

with reaction parameter 𝑘𝑟  (first-order kinetics). 
The concentration of nanoparticles increases the heat transport 

in accordance with: 
Choi (1995) – nanofluid thermal conductivity enhancement. The 

close agreement with published analytical and numerical solutions, 
as well as the successful recovery of the classical limiting cases, 
confirms the correctness, reliability, and numerical stability of the 
present hybrid nanofluid–liquid metal two-phase MHD model. 

The obtained profiles show physically consistent trends: 
Increasing Hartmann number (𝑀) reduces velocity due to the 
Lorentz braking effect. Increasing Brownian motion parameter 
(𝑁𝑏) enhances thermal diffusion but slightly decreases the 
concentration near the wall. The thermophoretic parameter (𝑁𝑡) 
thickens the thermal boundary layer, as seen by previous nanofluid 
studies [Mishra, 2024]. These behaviors are consistent with 
theoretical expectations and thus provide further validation of the 
model.  

Overall, the performed comparative and numerical checks 
show that the proposed two-phase MHD formulation, the 
implementation of solvers, and the choice of parameters result in 
solutions that are mathematically correct and physically plausible, 
and they agree well with the data published in the literature. 

5.4.  Comparison with published data 

Quantitative validation was performed by comparing the 

computed values of the skin friction coefficient, 𝐶𝑓√𝑅𝑒𝑥 and 

Nusselt number 
𝑁𝑢𝑥

√𝑅𝑒𝑥
  with those reported by Sarfraz (2025) for 
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hybrid nanofluid MHD flow over a stretching surface and Omama 
et al. (2024) for thermally radiative blood flow in arteries. 

The differences between the current results and those 
benchmark values were less than 1.5%, which confirmed high 
numerical fidelity. 

In order to ensure consistency and highlight advances, the 
outcomes of the present two-phase MHD hybrid nanofluid–liquid 
metal model are compared with the benchmark studies on 
magneto-thermal and mass transport phenomena. 

In the absence of the gallium layer and slip effects, the results 
obtained in this paper reduce to the single-phase MHD nanofluid 
flows of Buongiorno (2006) and Sheikholeslami et al. (2025). The 
main features are identical: suppression of the velocity profile in the 
presence of Hartmann number and thickening of the thermal 
boundary layer for increased Brownian motion. Quantitatively, the 
present computations reproduce the benchmark Nusselt and 
Sherwood numbers within 1.5% deviation, confirming high 
numerical fidelity. 

Compared to Omama et al. (2024), who investigated thermally 
radiative hybrid nanofluid flow in arteries using a single-phase MHD 
model, the introduction of the liquid metal subdomain in this work 
leads to an improvement of 36% in interfacial flow stability and 
increased local drug concentration by as much as 30% under 
similar magnetic field strengths (Ha = 3–6). This improvement 
arises due to the Lorentz damping within the gallium layer, absent 
in single-phase analyses. 

Furthermore, the work of Mishra (2024) explored Hall-current-
induced MHD flow in blood for similar parameter ranges and 
reported a moderate (=10%) velocity reduction. Stronger 
suppression (=18%) is predicted by the present model due to the 
added electromagnetic coupling provided by the gallium phase, 
which confirms that amplified control can be achieved through two-
phase interaction. 

The thermophoretic and Brownian motion trends are in 
qualitative agreement with those presented by Sankari et al. (2024) 
and Muhammad & Sarfraz (2025), who found that higher 𝑁𝑏. 

In fact, diagnosis is one among the two major services of 
physicians. Parameters increase the diffusivity of nanoparticles and 
thicken the thermal boundary layer. However, in the current hybrid 
model, the synergy of interfacial slip and electromagnetic force 
leads to a 22-25% higher enhancement in nanoparticle 
accumulation. Overall, this comparison shows that the current two-
phase formulation extends the previous single-phase and 
fractional-order MHD nanofluid models, as it considers coupled 
magnetic, thermal, and interfacial mechanisms relevant to 
magnetically guided drug delivery, hence offering higher predictive 
accuracy for biomedical microflow applications. 

5.5.  Grid independence and convergence testing 

Numerical accuracy was ensured by systematic testing of grid 
independence by refining the mesh from 100 to 500 points. The 
solutions of velocity, temperature, and concentration were 
compared across successive refinements, and the maximum 
variation in the calculated parameters, such as skin friction 
coefficient 𝐶𝑓𝑥, local Nusselt number𝑁𝑢𝑥, and Sherwood 

number𝑆ℎ𝑥, remained below 10−5. That confirms full grid 
independence and convergence of the finite difference scheme. 

Iterations of the solver were continued until the maximum 
relative error in all dependent variables had dropped below 10−8, 
producing stable and accurate solutions. The adopted step size 

was sufficiently small to provide resolution for all boundary-layer 
features; it did not lead to numerical oscillations or significant 
truncation errors. 

6. RESULTS OF SIMULATION STUDY  

This paper explores a two-phase MHD flow between a 
nanofluid–gallium blend on controlled drug delivery in micro-
vascular networks. The simulations  indicate  that  the  intensity 
of  the magnetic field increases leads to more stable profiles at 
the interface, reducing backflow into the mercury phase and 
enhancing forward-motion drug transport towards the target site. 
For instance, at 𝑀 = 2.5 drug concentration at the targeted 

interface was enhanced by about 18% from the baseline case 
without magnetism control. 

The electromagnetic force interactions with nanoparticles 
loaded fluids are found to significantly enhance drug concentration 
at the targeted sites, offering new opportunities for magnetically 
guided, site-specific therapy. 

Novel Results: 
This study develops a novel two-phase MHD model describing 

the flow interaction between a nanofluid phase and a gallium phase 
within a permeable vertical microchannel, incorporating slip 
boundary conditions at the interface. 

The coupling of nanofluid flow dynamics with the heavy gallium 
phase under applied magnetic fields reveals distinctive velocity, 
temperature, and concentration profiles that significantly differ from 
single-phase flow models. 

The inclusion of chemical reactions, Brownian motion, and 
thermophoresis effects in the nanofluid phase advances the 
understanding of mass and heat transfer mechanisms essential for 
drug transport in vascular microenvironments. 

With the addition of 𝐹𝑒₂𝑂₃ nanoparticles to the fluid, the 
thermophysical properties change with increased thermal 
conductivity and slightly increased viscosity. Brownian motion and 
thermophoresis redistribute heat and mass to redefine temperature 
and concentration profiles, while magnetic nanoparticles act to 
interact with applied fields to affect velocity. Overall, the 
nanoparticles enhance heat and mass transport processes that 
have potential applications in targeted drug delivery. 

Numerical simulations identify key parameters, such as 
Hartmann number, Lewis number, and chemical reaction rate that 
critically influence the interface stability and enhance targeted drug 
delivery efficiency through controlled dispersion and retention in 
arterial regions. 

The analysis quantifies the skin friction, Nusselt, and Sherwood 
numbers for both phases, providing new insights into the interaction 
between electromagnetic fields and two-phase flow properties 
relevant to biomedical applications. 

To reinforce the reliability of the present model, benchmark 
comparisons are incorporated by considering reduced cases. 
When the lower mercury layer is neglected, the governing 
equations reduce to the well-established single-phase nanofluid 
MHD channel flow, for which existing numerical and analytical 
results are available in the literature. The excellent agreement 
obtained with these classical models demonstrates the accuracy of 
the proposed formulation. In addition, grid-independence tests and 
numerical convergence analyses confirm the robustness of the 
computational scheme. 

This paper differs from the existing literature in several 
important ways. While most prior works have dealt with single-
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phase nanofluid flow or isolated MHD phenomena, this study 
develops an explicit two-phase model of a hybrid system of 
nanofluid and liquid metal, considering interfacial slip, mass 
transport, and magnetic effects. More important, by computing the 
coupled influence of Brownian motion, thermophoresis, and applied 
magnetic fields on velocity, temperature, and concentration 
profiles, it elucidates, for the first time, the intertwined physical 
mechanisms of nanoparticle transport. Significant is the connection 
of these flow physics with real biomedical applications, such as 
magneto-targeted drug delivery, and how Hartmann number, 
Brownian motion, and associated interfacial parameters may be 
tailored toward further enhancement of such applications. The 
numerical methodology pursued here thus reflects careful 
parametric studies and validation to ensure that nanofluid–liquid 
metal behavior can be predicted appropriately under physiological 
conditions. All these factors combined provide clear distinction from 
the previous literature and highlight the novelty and relevance of 
this work. 

The present article develops the first two-phase nanofluid–
gallium magnetohydrodynamics model with interfacial slip and full 
thermophysical coupling for targeted drug delivery, considerably 
extending previous studies dealing with single-phase and simplified 
MHD models of nanofluid. 

7. FUTURE SCOPE 

Extending the two-phase flow model to incorporate non-
Newtonian behavior of blood and biological fluids for more realistic 
simulation of physiological conditions.  

Investigating transient and pulsatile flow effects reflecting 
cardiac cycles to better predict drug delivery dynamics in vivo. 

Exploring multi-component nanoparticle suspensions with 
different shapes, sizes, and magnetic properties to optimize drug 
carrier design and magnetic targeting efficiency. 

Developing experimental microfluidic platforms that replicate 
the two-phase MHD environment for validation and fine-tuning of 
the numerical predictions. 

Studying the biological interaction and biocompatibility of 
nanofluid–mercury interfaces, including potential cytotoxicity and 
immune responses, to assess safety for clinical applications. 

7.1.  Practical implications 

The present study provides a framework to enhance active drug 
delivery in microvascular networks based on the hydrodynamic 
control of nanofluid-liquid metal flows by magnetic and electric 
fields. The results should give insights into designing microfluidic 
devices, magnetically guided therapies, and hybrid nanofluid-based 
biomedical systems for optimizing velocity, temperature, and 
concentration distributions to improve therapeutic efficiency. These 
findings could also help design precision hyperthermia treatments 
and develop safe, high-conductivity fluids for use in medical 
applications by making special considerations for thermophoresis, 
Brownian motion, and slip effects. Overall, this work bridges 
fundamental fluid mechanics to practical biomedical engineering, 
enabling more effective and controlled drug transport strategies. 

8. BENCHMARK CASE VALIDATION 

In order to ensure the accuracy of the numerical model, several 
benchmark cases were considered. First of all, the hydrodynamic 
flow of a single-phase nanofluid in the absence of magnetic field 

and slip (𝐵0 = 0, 𝐿𝑠 = 0) is compared with the classical solutions 
of Poiseuille and Couette flow to validate the velocity field. Second, 
the momentum equation for a single-phase nanofluid without 
porous medium or chemical reaction (𝜅 → ∞, 𝐾𝑟 = 0) was 
compared with the results of published works by Buongiorno (2006) 
and Khan and Pop (2010). Thirdly, the energy equation was 
validated by taking zero Brownian motion and thermophoresis, that 
is 𝐷𝐵 = 𝐷𝑇 = 0 and comparing the resulting temperature profiles 
with the analytical and previously published data (Buongiorno, 
2006; Kandasamy et al., 2013). Negligible radiative heat flux was 
assumed 𝑞𝑟 = 0 to isolate conduction-convection effects of 
Turkyilmazoglu, 2015. The concentration equation has been 
verified by setting the chemical reaction and thermophoresis to 
zero, 𝐾𝑟 = 0, 𝐷𝑇 = 0, and comparing nanoparticle distributions 
with classical Fick's law solutions. Finally, a simplified single-phase 
case with uniform boundary conditions was used to test the 
numerical scheme and grid convergence. Across all benchmark 
cases, the maximum deviation from reference results was 

below 10−5. This will serve to confirm the correctness of the 
numerical method applied. 

In the nanofluid region, the velocity profile reaches its maximum 
near the channel centerline and then decreases gradually toward 
the walls due to viscous resistance and no-slip effects. Such a 
parabolic pattern characterizes the classical balance between 
pressure-driven convection and viscous shear forces within the 
boundary layer. When a transverse magnetic field is applied, the 
induced Lorentz force acts against the direction of fluid motion and 
adds an extra resistive term in the momentum equation. As a result, 
the overall fluid velocity decreases and the velocity boundary layer 
becomes thicker. Due to its lower density and higher electrical 
conductivity than mercury, the 𝐹𝑒₂𝑂₃ − 𝐻₂𝑂 nanofluid undergoes 
stronger electromagnetic interactions. This sensitivity enables more 
effective magnetic modulation in flow velocity and thereby better 
control of drug-laden nanoparticle trajectories within the 
microvascular network. 

Physical interpretation an increase in Ha strengthens the 
Lorentz force term −𝜎𝐵2𝑢. Which is a magnetic resistance 
opposing fluid motion. This force transforms kinetic energy into 
Joule heat and dampens velocity gradients. Thus, velocity 
diminishes and the profile becomes flatter. Such a damping thus 
tends to stabilize the nanofluid–gallium interface, with limited 
backflow being advantageous for drug-carrying nanoparticles 
moving toward the target region. 

 

Fig. 2.   Axial velocity profiles in the nanofluid phase for different Hartmann 
numbers (Ha) along the radial coordinate (r, m). Increasing Ha 
suppresses the velocity due to the damping effect of the applied 
magnetic field  



Binyam Zigta Teferi                                                                                                                                                                                                      DOI: 10.65731/ama/2026-0045 
Two-Phase Hybrid Nanofluid–Liquid Metal MHD Flow with Interfacial Slip for Drug Delivery 

460 

Within the gallium region, the velocity profile is flatter compared 
to the other regions because of the high density and electrical 
conductivity of gallium. In the gallium layer, strong induced currents 
generate a very strong Lorentz force damping effect, which 
suppresses the velocity gradient across the layer. The underlying 
physics promotes less backflow, resulting in further stabilization of 
the nanofluid-gallium interface, maintaining most of the drug-
carrying nanoparticles within the upper nanofluid phase and 
carrying them effectively toward the target site. Moreover, the much 
flatter velocity distribution in gallium implies that the interfacial slip 
effects are much less pronounced since the higher inertia of the 
gallium resists variations of velocity near the interface. 

Physically this can be explained as Gallium exhibits high 
electrical conductivity the induced currents are stronger and create 
a huge Lorentz braking force. This suppresses the velocity more 
significantly than in the layer of nanofluid, thus creating a flow that 
is almost plug-like. Besides, the high density of gallium reduces its 
acceleration by pressure gradients. Such combined effects explain 
the flat distribution of velocity in the lower layer. 

 

Fig. 3.   Three-dimensional velocity profile in the gallium phase (Phase 2) 
over the radial coordinate (𝑟, 𝑚) and axial direction (𝑧, 𝑚).  
The plot shows a flatter velocity profile due to high density and 
electrical conductivity of gallium 

 

Fig. 4.   Three-dimensional drug concentration distribution in the 
nanofluid–gallium two-phase flow. The upper surface represents 
the nanofluid phase, the lower surface represents the gallium 
phase, and the semi-transparent plane indicates the interface. 
Concentration decreases axially and varies radially due to 
Brownian motion and diffusion 

The concentration profile possesses a maximum value at the 
nanofluid–gallium interface and decreases, moving away from it, 
due to the combined effects of Brownian motion, thermophoresis, 
and interfacial mass transfer. Brownian diffusion causes the 
homogeneous distribution of nanoparticles across the fluid, while 
thermophoresis forces particles to move from hotter to colder 
regions, which enhances local accumulation in the vicinity of 
thermal gradients at the interface. The gallium layer, as a 
conductive, high-density barrier, increases the concentration of 
nanoparticles in the vicinity of the interface and prevents deeper 
penetration into the lower phase. Such behavior stabilizes the two-
phase distribution and enables efficient targeted drug transport. 

Physical justification can be explained as large density and 
conductivity along the interface creates shear and magnetic stress 
discontinuities. Stronger magnetic damping in gallium limits further 
penetration downward, leading to concentration peaks near the 
interface. These features explain the shapes observed in 3D 
concentration graphs. 

 

Fig. 5.  Temperature profiles in the nanofluid region for different Brownian 
motion parameters (Nb) along the radial coordinate (r, m). Higher 
Nb enhances nanoparticle energy transport, increasing the 
temperature near the wall 

 

 Fig. 6.  Three-dimensional velocity distribution in the nanofluid phase as a 
function of radial coordinate (𝑟, 𝑚) and Hartmann number (𝐻𝑎). 
The plot illustrates the continuous suppression of velocity with 
increasing Ha across the channel 

An increase in the Brownian motion parameter 𝑁𝑏 Brownian 
motion enhances the randomness of nanoparticles, amplifying 
thermal energy dispersion inside the nanofluid. Physically, that 
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effect roots in an additional term of diffusion in the energy equation, 
which increases effective thermal conductivity, while the thermal 
boundary layer thickens. Enhanced thermal transport is beneficial 
for temperature-sensitive drug delivery in promoting uniform 
heating near the wall. At the same time, too powerful Brownian 
motion is able to increase the viscous dissipation, thereby 
overheating the surrounding tissues locally, which should be kept 
under careful control from a biomedical point of view. 

Physically this can be explained as increasing Nb strengthens 
random movement of nanoparticles and develops micro-
convection, which in turn increases effective thermal conductivity. 
This strengthens the diffusion term 𝜏 𝑁𝑏 𝜃′𝜙′ in the energy 
equation which results in increased spreading of heat from the wall 
to the bulk. Therefore, thermal boundary layer thickens, and the 
temperature profile rises. Biomedical justification heat-mediated 
drug release increases. 

The Hartmann number (𝐻𝑎) represents the ratio of 
electromagnetic to viscous forces in the fluid. As 𝐻𝑎 increases, the 
Lorentz force in the momentum equation becomes stronger, acting 
like a magnetic brake on the flow. This suppresses velocity 
gradients in both phases and stabilizes the nanofluid–gallium 
interface. In terms of drug delivery, this means that higher 
Hartmann numbers will provide better spatial control on 
nanoparticle transport, guiding therapeutic agents toward targeted 
regions while minimizing unwanted dispersion into side branches 
of the microvascular network. The scenario underpins magnetically 
targeted drug delivery, where therapeutic agents are encapsulated 
in magnetic nanoparticles and guided through the bloodstream by 
an external magnetic field. After the target site is reached, the drug 
is released to enhance treatment efficacy while reducing systemic 
toxicity. 

For each figure, the physical mechanism underlying the trend 
has been described through analyzing the contribution of the 
associated non-dimensional parameters in the momentum, energy, 
and concentration equations. Such explanations provide clarity with 
regard to why each curve is showing its specific behavior and how 
they relate to magnetically guided drug delivery. 

9. CONCLUSION 

A new two-phase MHD model was developed in the present 
work, coupling an Fe₂O₃–H₂O nanofluid with a gallium liquid-metal 
layer under interfacial slip conditions inside a verticaphases or 
simplified nanofluids, the present formulation has simultaneously 
integrated Lorentz force effects, Brownian diffusion, 
thermophoresis, chemical reaction, viscous dissipation, thermal 
radiation, and interfacial mass–momentum–heat continuity. The 
comprehensive multiphysics framework therefore allows more 
realistic predictions of nanoparticle transport within a microvascular 
environment. 

The numerical result reveals some key findings: First, the 
Hartmann number strongly controls the interface stability. 
Increasing Ha enhances electromagnetic damping, hence 
improving interface smoothness by almost 36%, which in turn can 
prevent undesirable backflow into the metal layer. Second, 
nanoparticle-driven diffusion mechanisms considerably alter drug 
distribution. Brownian motion increases the concentration at the 
interface by ≈22%, while thermophoresis increases it by ≈18%. 
Altogether, both increase the effectiveness of nanoparticle 
clustering in the therapeutic region. Third, the combined effects of 
the electromagnetic and thermophoretic effects bring about an 
overall ≈30% improvement in targeted drug accumulation 

compared to non-magnetic flow. These quantitative insights 
highlight how tuning parameters can serve to optimize the 
pathways of nanoparticles for delivery. 

The study further elucidates key mechanistic behaviors, 
namely: i) the high electrical conductivity of gallium generates 
strong Lorentz damping, which levels off the velocity in the bottom 
phase and strengthens the nanofluid dominance; ii) slip at the 
interface lowers shear resistance and is supportive of an enhanced 
transport of drug-carrying nanoparticles; and iii) thermal and solutal 
boundary layers thicken with the Brownian and thermophoretic 
effects, underscoring the active nanoparticles' role in the 
redistribution of heat and drug concentration. 

In summary, this work presents a new computational 
framework that captures the coupled electromagnetic, thermal, and 
concentration mechanisms that arise in two-phase nanofluid-liquid-
metal interactions. The proposed model extends the existing MHD 
nanofluid literature and at the same time offers useful guidelines in 
designing magnetically controlled microvascular drug-delivery 
systems. Future studies should consider pulsatile flow, non-
Newtonian blood rheology, and experimental microfluidic validation 
to fully translate the model toward biomedical applications. 

Nomenclature 

Symbol Description SI Unit 

𝑢, 𝑣 
Velocity components 

(axial and radial) 
𝑚 · 𝑠⁻¹ 

𝛲 Density of the fluid 𝑘𝑔 · 𝑚⁻³ 

𝜇 Dynamic viscosity 𝑃𝑎 · 𝑠 

𝜈 =  𝜇/𝜌 Kinematic viscosity 𝑚² · 𝑠⁻¹ 

𝜎 Electrical conductivity 𝑆 · 𝑚⁻¹ 

𝐵₀ Magnetic field strength 𝑇 

𝑀𝑠 
 

saturation magnetization 𝐴 · 𝑚⁻¹ 

𝐵 Magnetic field intensity 𝐴 · 𝑚⁻¹ 

𝜒 Magnetic susceptibility — 

𝜇₀ 
Magnetic permeability of 

free space 
𝐻 · 𝑚⁻¹ 

𝑘 Thermal conductivity 𝑊 · 𝑚⁻¹ · 𝐾⁻¹ 

𝑐ₚ 
Specific heat at constant 

pressure 
𝐽 · 𝑘𝑔⁻¹ · 𝐾⁻¹ 

𝑇 Temperature 𝐾 

𝐶 
Nanoparticle/drug 

concentration 
𝑘𝑔 · 𝑚⁻³ 

𝐷𝐵 
Brownian diffusion 

coefficient 
𝑚² · 𝑠⁻¹ 

 
𝐷𝑇 

Thermophoretic diffusion 
coefficient 

𝑚² · 𝑠⁻¹ 

𝑞𝑟 
Radiative heat flux 

(Rosseland 
approximation) 

𝑊 · 𝑚⁻² 

𝐺 Gravitational acceleration 𝑚 · 𝑠⁻² 

𝐾𝑟 
Chemical reaction rate 

constant 
𝑠⁻¹ 

𝑈𝑤 Wall stretching velocity 𝑚 · 𝑠⁻¹ 

𝜏𝑤 Wall shear stress 𝑁 · 𝑚⁻² 

𝑄 
Volumetric heat 

source/sink 
𝑊 · 𝑚⁻³ 

𝛼 =  𝑘/(𝜌𝑐ₚ) Thermal diffusivity 𝑚² · 𝑠⁻¹ 

𝜙 
Volume fraction of 

nanoparticles 
— 
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𝜂 Similarity variable — 

𝑓(𝜂) 
Dimensionless stream 

function 
— 

𝜃(𝜂) 
Dimensionless 

temperature 
— 

𝜙(𝜂) 
Dimensionless 
concentration 

— 

𝑁𝑏 
Brownian motion 

parameter 
— 

𝑁𝑡 
Thermophoresis 

parameter 
— 

𝐿𝑒 Lewis number (α/D_B) — 

𝑃𝑟 Prandtl number (ν/α) — 

𝐻 
Hartmann number 

(B₀L√(σ/μ)) 
— 

𝐸𝑐 
Eckert number 
(U_w²/(cₚΔT)) 

— 

𝑅𝑒 
Reynolds number 

(U_wL/ν) 
— 

𝛽𝑇  
Thermal expansion 

coefficient 
𝐾⁻¹ 

         𝐾𝐵 Boltzmann constant             (J/K) 
 

𝑀 
 

Magnetization vector (𝐴/𝑚) 

𝐽 Electric current density 𝐴 · 𝑚⁻² 

𝐻𝑎 Hartmann number — 

𝑁𝑢 Local Nusselt number —  

𝑆ℎ Local Sherwood number — 

𝐶𝑓 Skin friction coefficient — 

𝜓 Stream function 𝑚² · 𝑠⁻¹ 
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