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Abstract: In this work we consider the new approach which is more accurate to obtain the solution of fractional order partial differential
equations (FPDEs) with proportional delay, including generalized Burger equation partial differential equation and telegraph partial differential
equation with proportional delay. Integral order is obtained in series form to show the convergence of the method, illustrative examples are
considered to confirm the validity and applicability of the method. By converting the fractional delay differential equation into a set of algebraic
equations, this approach makes it possible to derive an infinite series solution that comes close to the exact solution. The original fractional
delay differential equations approximate analytical solution converges to this infinite series solution. When it comes to solving FPDEs with
proportionate delay a class of problems for which analytical solutions are notoriously hard to find the Sumudu Adomian decomposition

method (SADM) is commended for its simplicity, efficacy and correctness.
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1. INTRODUCTION

The delay differential equation (ordinary and partial) are often
used for mathematical modeling of phenomena and processed in
various areas of mechanics, biology, biophysics, theoretical phys-
ics, biochemistry, medicine, technical application, ecology and eco-
nomics, many problems in engineering, physics, and science can
be solved mathematically by using many types of integral trans-
forms such as Laplace transform, Elzaki transform, Fourier trans-
form, etc. A new integral transform derived by Watugula named Su-
mudu transform [1], he discussed the properties and used it for find-
ing the solution of differential equation and control engineering
problems.Fractional differential equation attracted the researchers
to study the solution of linear and nonlinear fractional partial differ-
ential equation due to the fractional calculus provides an excellent
tool for description many practical dynamical phenomena in engi-
neering and scientific disciplines (physic, biology, etc.),a delay par-
tial differential equation of linear and nonlinear solved by several
integral transform and with proportional delay [2,3,4,5,6], the nu-
merical solution is discussed for nonlinear fractional differential
equation with proportional delay [7], the Frontier problems of phys-
ics by decomposition [8], the analytical solution of time-fractional
Navier-Stokes equation by natural homotopy perturbation method
[9], analytical approximate solution of fractional Wave equation by
the optimal homotopy analysis method [10], in [11] the authors in-
troduce a semi-analytical and numerical approach to fractional dif-
ferential equation, the comparison of Sumudu and Laplace decom-
position method for solving fractional Lane-Emaden type differential
equation [12], in [13] further properties of Sumudu transform and its
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application , the transition curve analysis of linear fractional periodic
time-delay systems via explicit harmonic balance method [14], an
iterated pseudo-spectral method for delay partial differential equa-
tion [15], application of differential transform method on nonlinear
integral differential equation with proportional delay [16], analytical
solution of time-fractional partial differential equation using Multi-G-
Laplace transform method [17], solving a system of nonlinear frac-
tional partial differential equations using homotopy analysis method
[18], the use of Sumudu transform for solving certain nonlinear frac-
tional Heat-Like equations [19].

Alemu Senbeta Bekela et al. [20 - 22] proposed Formable
transform Adomian decomposition method for solving nonlinear
time-fractional diffusion equation, Numerical Method for Nonlinear
Time Fractional Hyperbolic Partial Differential Equations Based on
Fractional Shehu Transform and A numerical method using La-
place-like transform and variational theory for solving time-frac-
tional nonlinear partial differential equations with proportional delay.
Deresse et al. [23 -26] study semi-analytical approach for solving
nonlinear mathematical physics problems, Approximate Analytical
Solution to Nonlinear Delay Differential Equations by Using Su-
mudu lterative Method, Approximate Analytical Solution of Two-Di-
mensional Nonlinear Time-Fractional Damped Wave Equation in
the Caputo Fractional Derivative Operator and A hybrid yang trans-
form Adomian decomposition method for solving time-fractional
nonlinear partial differential equation.

To clarify what is new compared to the methods mentioned
above, The Sumudu transform is a valuable alternative to traditional
integral transforms, primarily due to its ability to preserve the units
and scales of the original function, which offers advantages in phys-
ical and engineering applications. The results obtained using the
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Sumudu transform often provide a more direct and intuitive physical
interpretation compared to those from the Laplace or Fourier trans-
forms.

The aims of this paper are to apply Sumudu decomposition
method to solve fractional partial differential equation with propor-
tional delay. This new and more efficient methodology may lead to
a reduction in the time and calculations required to solve fractional
partial differential equation with proportional delay.

The rest of this paper is arranged as follow, section 2, the idea
of Sumudu decomposition method and the fractional equation with
proportional delay provides, in section 3, three examples are pro-
vided to support our technique for solving fractional equation with
proportional delay, section 4, summary of our paper.

In this section some basic definitions of fractional calculus and
Sumudu transform which are useful in this study.

Definition 1 [11].

Over the set of a function,

A={f(O)\IM, 1,7, > 0,|f(t)| < Me,ift € (—1)) x
[0,0)}

The Sumudu transform is defined by:
1 0
Fu) =S[f®)] = HJ- e_%f(t)dt,u € (-1,7)
0

Definition 2 [19].
The Sumudu transform of the Caputo fractional derivative is
defined as:

S[DEF(] = uBSIF ] - Tie w B fr(0),m -1 <
B<m

Definition 3 [18].
The left side Caputo fractional derivative of f, f € C™;,m €
N U {0}is defined:

B
nep [05r@)]
Dﬁf()—aﬁf(v)— 1 [—avﬁ m—1<f<nneN
SN = 508 T Y obrw)
avB B=n

Definition 4 [19].
The Riemann-Liouville fractional integral,

Y (fO)ify=0
L7f(x) = {% Jy e =)™ P (v)dv, ify > 0

Definition 5, (3), [18].
The Caputo fractional derivative of f € CI"y,m € N is
defined,

DEF(E) =

m

1
r(m-g)

foy(}/ — )" B M(Ddr,m—1< B <

Definition 6, [12].
The Mittag-Leffler function E (z) with a > Ois defined by the
following,

ZTL

EB(Z) = Zn=om,ﬁ > O,Z Ec

2. IDEA OF SUMUDU DECOMPOSITION METHOD
AND FRACTIONAL PARTIAL D. EQUATION WITH
PROPORTIONAL DELAY (STDM)

The Sumudu decomposition method used to find the general
solution to the fractional order partial differential equations with
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proportional delay,

DPY(y, D) +L¥(y, 1) + NV () = q(r, ), v, 1 2 O,m —

1<p<m (1)
Where L and Nis the linear and nonlinear function,

DF = a‘;—i the Caputo operator q is the source function,

B,meN,
With initial condition,

Y(y,7) = h(y) (2)
Applying Sumudu transform to eq. (1),

S[pAY @y, D)) +5 [L‘P()/, D+ Nsv(g,g)] = S[q(y, )]
3)

Using some properties of Sumudu transform we get;

S, D] = uPSla, D] + ¥ (1, 0) - uPS[L¥ (. 7) +
N5 @)

2

The standard Sumudu decomposition method defined the
solution as power series given by,

Y1) =Lz ¥i(r, 1) (5)
The nonlinear term can be decomposed,
NYC,2) = o As (6)

where A;is a domain polynomial of g, ¥4, ¥5,..., ¥, and can
be calculated by the formula

A === N Ap)]a=0f = 0,1,2.. (7)
Substitute (5), (6) in eq. (4) to get,

SEZ¥(n D] = wfSlar. D] + ¥ (7,0) —
HPSILYY Wiy, ©) + X7 Al (8)

S[¥(r, D] = ufSla(y, D) + ¥ (,0)
S['1U1 (y' T)] = _.uﬁS[L'IUO(]/J T) + AO]

Generally,
() +2Ail
i

the inverse Sumudu transform give:
lIJO (V' T) = h()/, T)
Pira(r, D) = =S U SILY (v, ©) + Al

S[¥is1(r, D] = —pPsS

3. NUMERICAL EXAMPLES

In this section we apply the Sumudu decomposition method to
time-fractional order partial differential equations with proportional
delay.

Example 1.

Consider the fractional partial differential equation with propor-
tional delay,

Bwyn 02¥(r3)
ath ay?

y (y, %) +¥(@y,t)=0 9)
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with initial condition:
Y(y,0)=y? (10)

Applying Sumudu transform on both side of eq. (9) with initial
condition (10):

[af”wyr)] 5[62w<yr)q,( ) q,(y’r)]

ay?
Sl =¥,0)
2 z
+ Mﬁ_g Y ()/, %) %

- lp(]/ﬁ T)

Taking inverse of Sumudu transform,

T

“t|ubs [L’J (5) o
2

Yy, =SSPy, 0l+S -

ay?
Yy, r)”
l'UO(y'T) = S_l[llu(]/l 0)] =
I P 92 lII( )
Zi:O ”Ui+1(y' T) = [ BS [ZL OA ll/(y' ) VT
Yico Vi (v, T)]]
where
0%y,
Ay =Y, ayz"
0%y 0%y,
A=Y 1?20
a lp 0%y 0%y,
Az—qlo a 22+q11 a 21+ql2720

Yy =5 [ﬂBS [lpo V,Z

2 o
14 r(g+1)

62[;(;/(2]/5) + % (v, T)” =

,(22-27)
2’r(2p+1)’
_ o T3 2228 2r2p+1)  (22-2F)
¥3=vy rGp+1) (4( 238 ) + 22Br(B+1)2 28
The series solution is given by:

Yy, =%+ 00+ ¥%0 0+ 00+
yzrﬁ yZ(ZZ—ZB)rZB

r(p+1) 2Br(2p+1)
y2c3f (22—23) 2rep+1)  (22-2F)

r(3p+1) 238 22Pr(p+1)2 2B

then the solution of Sumudu decomposition of eq. (11) is

=7

Y(y,1)=y*+

>+...when[3 =1

2 3
Y(y,1) =y? (1 +r+%+%+...)
Then the exact solution is:

Y(y, 1) =y%e"
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Figure 1: Exact solution
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Fig. 2. The approximate solution ¥ (y, 7) for different values
(@B =1,(b)B =0.9,(c)B = 0.8and(d)B = 0.7 of test
example 1

Example 2.
Consider the proportional delay of generalized Burgers equa-
tion:

B 2 ow(yz
Py 9 g (r3) “lyg =0,

atB ay? dy
0<p<1 (11)
with initial condition,
Y(y,0) =y (12)

Applying Sumudu transform on both side of eq. (11) and initial
condition (12):

[ = s w5 0 4 2w

ath 2’2

S[l}l(}/, T)] = lp(}/, 0) + #35 [6 ¥ (y,1) +y (2 2)#:%) +

¥, T)].

Taking inverse of Sumudu transform,
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Y(@,7) =S¥, 0]+
azlll(y,r)+
ay?2
S~ ubfs

w520 | Ly,

Yoy, ) =S¥y, 0)] =

YicoYini(r,0) = WBS +

[a w(y.1)

w (1) | 1qw
T BYG.D) §y2)+52i=o%(y,r)”

where

By = ¥o 50

B, = wo%+wlaa—";°

B, = wo%+w1"a—";1+%%

_ 92Wy(y,7) avo(vs) 1
Y =571 [#BS [#zyr'k g’o(gé)#"‘gwo(%‘f)”

T

- yr(ﬁ+1)
P (re) Ly o 2H0)
S 0 bt el | GRS
’ # ¥, (7.5) 1 2720 (2 +1)
(G5 — Y (7 T)
oy 2
3B
_yz 1 1 r2p+1) 1 L)
V3 = r(3g+1) (4 toF 2.2B + 22B2r(B+1)2 = 22P2 t 23B

The series solution is given by:

Y@ =%y +¥%@0)+%%00)+¥F0+.

B B)72B
_ vt y(2+2P)r
l'”(V' T) =r+ r(+1) 2B.2r(2p+1)
v 11 r@prn 1 1
rGg+1) (4 * 23B) "

228 22B2r(p+1)2  22B2

when B =1 then the solution is
2 13
Y(y, 1) :y(l +r+;+§+...)
The exact solution is:

Y(y,7) =vye"

Figure 3: Exact solution

Fig. 3. The exact solution®¥ (y, t) of example 2
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Fig. 4. The approximate solution ¥ (y, t) for different values
(@)B =1,(b)B =0.9,(c)B = 0.8and(d)B = 0.7 of test
example 2

Example 3.
Consider the telegraphfractional partial differential equation
with proportional delay,

bwyn  02w(t7)ov(ty) 1aW(yr) B
ath ay? oy *a 8 + l}/(y, ) 0
0<pB<1(13)
with initial condition,
Y(y,0) = y? (14)

Applying Sumudu transform on both side of eq. (13) with initial
condition (14),

e

"

S D] =¥y, 0) +ufs| or2  or

10%(y,7)
— R -y, T)
Taking inverse of Sumudu transform,
l‘”(Y! T) - -1 [lp(]/1 0)
62 al.u —— ]
bs
[‘u 16‘1’(1/1') l[’(y T) ]
Yoy, 1) = S‘l[‘l’(% 0)] =
YicoPini(y, ) =
L
0 i yr _y®
l - g i=0 a.y llu (V; T) J
where
%% 3%

0™ 9y2 " 9y

__0%w 9wy | 8%w; 8Y¥,
L7 a2 oy oy oy

_9%¥, oy, | 92w 0¥, , 0%¥, 0¥,
2 ay2 " oy ay? dy ay? dy
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62111 (Z Z) oY, (ZE) Figure 5: Exactﬂgolunon
—q¢-1|,8 0\z2) 9¥0\33) _ 10% WD) _ -
#r1=5 [M S[ ay? ay 8 dy #o1) e
B
— 2_T
=V g
Y, (5.5) 0%, (5.5) 3
oy’ oy
Y, (5.5) 0¥, (5.5 2w
w, =57 u’S|+ 1(22 -) 0(2 2) __rz (ﬁ+4+yj
oy oy r(2p+1)\ 27
10¥,(y,7)
~¥ (5,
3 oy (7,7)
- B L T
4 2 (4+y) | (1+8y)
W, = 38 (2228 3B T a2k T 2B
37 r@p+) n (—2-y-16v-4v?) yr(2p+1)
4 4.22Pr(p+1)2

Then the series solution is given by;

Yy, =%@ 0+ +¥010)+¥F 0+

_2_ v yr2h
Yo =y r(B+1) ' r2p+1)
14 2 (4+y) |, (1+8y)
38 (2228 738 T 2B T 5B
rep+ | o (-2-y-16y-4y2) | yr(2f+1)

4

when g =1
eq. (13) is:

4.22Br(p+1)?

Y(y,1) =7y (1—T+T—2_—i+...)

The exact solution is

T

Y(y,1) =y’

(GG+a+v)+

then the solution of Sumudu decomposition of

Fig. 6. The approximate solution ¥ (y, t) for different values
(@)B =1,(b)B =0.9,(c)B = 0.8and(d)B = 0.7 of test
example 3

Tab. 1. Numerical solution of the Sumudu decomposition method for eq. (9) for $=0.7, 0.8, 0.9, 1

Y T p=0.7 £ =0.8 £ =09 p=1 Exact A.E.
025 | 00576713119 | 00848181574 | 0.0823618639 | 0.0802510579 | 0.0802515885 | 5.306 x 10~7
0.50 | 0.1074674036 | 01058186986 | 0.1043425301 | 0.1030273438 | 0.1030450794 | 1.773 x 10-5
025 [T075 | 01205578771 | 01303884222 | 0.1312600619 | 0.1321716309 | 0.1323125010 | 1.408 x 10~*
100 | 01559895834 | 0.1604166666 | 0.1648437500 | 0.1692708334 | 0.1698926143 | 6.217 x 10~*
025 | 03506852478 | 03292726298 | 0.3294474558 | 03210042318 | 0.3210063542 | 2.122 x 10~
050 | 04298696142 | 04232747945 | 04173701202 | 04121093750 | 04121803177 | 7.412 x 10~5
050 T075 | 05182315085 | 05215536890 | 05250402478 | 05286865235 | 05292500042 | 5.634 x 10~
100 | 06239583335 | 0.6416666665 | 0.6593750000 | 0.6770833335 | 0.6795704571 | 2.487 x 10~3
025 | 07890418074 | 07633634169 | 07412567754 | 07222595214 | 0.7222642969 | 4.775 x 10~
050 | 09672066321 | 09523682876 | 09390827706 | 09272460938 | 0.9274057148 | 1.596 x 10~*
0.75 7075 | 1.1660208940 | 1.1734958000 | 1.1813405570 | 1.1895446780 | 1.1908125090 | 1.267 x 10~3
100 | 14039062500 | 14437500000 | 14835937500 | 1.5234750000 | 1.5290335290 | 5.558 x 10~2
Tab. 2. Numerical solution of the Sumudu decomposition method for eq. (11) for =0.7, 0.8, 0.9, 1
14 T B=0.7 p=0.8 p=0.9 p=1 Exact A.E.
025 | 03506852478 | 03392726298 | 0.3294474558 | 03210042318 | 0.3210063542 | 2.122 x 10~
050 | 04298696142 | 04232747945 | 04173701202 | 04121093750 | 04121803177 | 7.094 x 10~5
025 ["075 | 05182315085 | 05215536890 | 05250402478 | 0.5286865235 | 05292500042 | 5.634 x 10~*
100 | 06239583335 | 0.6416666665 | 0.6593750000 | 0.6770833335 | 0.6795704571 | 2.487 x 10~2
025 | 03506852478 | 0.3392726298 | 0.3294474558 | 06420084635 | 0.6420127083 | 4.244 x 10~
050 | 04298696142 | 04232747945 | 04173701202 | 0.8242187500 | 0.8243606354 | 1.418 x 10~*
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0.50 | 0.75 | 05182315085 | 0.5215536890 | 0.5250402478 | 1.0573730470 | 1.0585000008 | 1.126 x 1073
1.00 | 0.6239583335 | 0.6416666665 | 0.6593750000 | 1.3541666670 | 1.3591409140 | 4.974 x 1073
0.25 | 1.0520557430 | 1.0178178890 | 0.9883423672 | 0.9630126952 | 0.9630190625 | 6.367 x 10~°
0.50 | 1.2896088430 | 1.2698243840 | 1.2521103610 | 1.2363281250 | 1.2365409530 | 2.128 x 10™*
075 075 | 15546945260 | 1.5646610670 | 1.5751207430 | 1.5860595700 | 1.5877500120 | 1.690 x 10~2
1.00 | 1.8718750000 | 1.9250000000 | 1.9781250000 | 2.0312500000 | 2.0387113710 | 7.461 x 1073
Tab. 3. Numerical solution of the Sumudu decomposition method for eq. (13) for =0.7, 0.8, 0.9, 1
14 T B=0.7 =08 £ =09 p=1 Exact A.E.
0.25 | 0.0400773046 0.0433231185 | 0.0461720716 | 0.0486755371 0.0486750489 | 4.882 x 1077
0.50 | 0.0286979610 | 0.0319417180 | 0.0350129386 | 0.0379231770 | 0.0379081662 | 1.501 x 107>
025 7075 | 0.0212050623 | 0.0240549371 0.0268637173 | 0.0296325683 | 0.0295229095 | 1.096 x 10~*
1.00 | 0.0164062500 | 0.0187499999 | 0.0210937500 | 0.0234375000 | 0.0229924650 | 4.450 x 10~*
0.25 | 0.1603092185 | 0.1732924743 | 0.1846882864 | 0.1947021484 | 0.1947001958 | 1.952 x 10~°
0.50 | 0.1147918442 | 0.1277668723 | 0.1400517547 | 0.1516927084 | 0.1516326649 | 6.004 x 1075
050 7075 | 0.0848202493 | 0.0962197485 | 0.1074548694 | 01185302734 | 0.1180916382 | 4.386 x 10~*
1.00 | 0.0656250000 | 0.0749999999 | 0.0843750000 | 0.0937500000 | 0.0919698602 | 1.780 x 1073
0.25 | 0.3606957416 | 0.3899080672 | 0.4155486445 | 0.4380798340 | 0.4380754405 | 4.393 x 10~°
0.50 | 0.2582816494 | 0.2874754626 | 0.3151164480 | 0.3413085938 | 0.3411734961 | 1.350 x 10~*
0.75 {7075 | 01908455610 | 0.2164944342 | 0.2417734562 | 0.2666931153 | 0.2657061859 | 9.868 x 10~*
1.00 | 0.1476562500 | 0.1687449999 | 0.1898437500 | 0.2109375000 | 0.2069321857 | 4.005 x 1073
4. DISCUSSION REFERENCES

In Figure 1 and Figure 2 represents the exact solution and ap-
proximate numerical solution for different values of fractional order
(@B =1,(b)B =09, (c)B = 0.8and(d)pB = 0.70f the de-
rivatives are calculated for Example 1. The analysis shows that
there is a strong convergence of the exact and approximate solu-
tions of Example 1. In figure 3 and figure 4 represents the exact
solution and approximate numerical solution for different values of
fractional order (a)B = 1, (b)B = 0.9, (c)B = 0.8and(d)p =
0.70f the derivatives are calculated for Example 2. Approximate
solutions when (a)g = 1, (b)B = 0.9, (c)B = 0.8and(d)S =
0.7 were shown and compared to the exact solutions in the tables
1-3, and errors were also calculated.

The analysis shows that there is a strong convergence of the
exact and approximate solutions of Example 2. In figure 5 and fig-
ure 6 represents the exact solution and approximate numerical so-
lution for different values of fractional order (@) =1, (b)B =
0.9, (c)B = 0.8and(d)B = 0.7 of the derivatives are calculated
for Example 3. The analysis shows that there is a strong conver-
gence of the exact and approximate solutions of Example 3.

5. CONCLUSION

In this paper a combination of Sumudu transform with decom-
position method are presented to solve nonlinear fractional partial
differential equation with proportional delay, the solution deter-
mined for integer and fractional problems the solution we obtain is
agree with [7], some examples are solved to determine the simplic-
ity and efficiency of the method, the technique can be used to find
analytical solution of kinds of nonlinear fractional partial differential
equation.
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