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Abstract: This study presents a continuous analytical model for the dynamic analysis of thin-walled steel box beams filled with polymer
concrete. The model incorporates transverse, longitudinal, and torsional vibrations, includes damping effects, and enables the calculation of
frequency response functions. Its formulation is based on a coupled system of partial differential equations derived from Timoshenko beam
theory and de Saint Venant's torsion model, providing a closed-form solution for modal parameters and vibrational response. Experimental
validation performed on a steel-polymer concrete beam showed close agreement between predicted and measured natural frequencies,
mode shapes, and frequency response functions. Additional comparisons with one-dimensional, three-dimensional finite element models as
well as rigid finite element models from the literature confirmed that the proposed approach can serve as an attractive alternative to other
computational methods. The model offers a favorable balance between accuracy and simplicity, making it well suited for preliminary design

and vibration analysis of steel-polymer composite structures.
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1. INTRODUCTION

Steel-concrete composite beams are widely used structural el-
ements in mechanical and structural systems, where time-varying
loads often induce vibrations [1] that affect performance [2] or
safety [3]. Accurate prediction of their dynamic behavior has driven
the development of various analytical and numerical modeling tech-
nique which offers complementary approaches for dynamic analy-
sis of steel-concrete composite beams [4].

Analytical beam models remain popular due to their simplicity
and the availability of closed-form or simplified numerical solutions.
The classical formulation introduced by Euler and Bernoulli [5] as-
sumes perfect bonding and neglects shear deformation and rotary
inertia, leading to overestimated stiffness and natural frequencies,
especially in short-span or thick composite beams. Timoshenko’s
refinement [6] addresses these limitations by incorporating shear
flexibility and rotary inertia, providing more accurate frequency pre-
dictions for stocky members while maintaining a relatively simple
mathematical form. More advanced approaches, such as Reddy’s
higher-order theory [7], relax the rigid cross-section assumption by
infroducing a cubic in-thickness displacement field, allowing
cross-sectional warping and a more realistic shear stress distribu-
tion. This increased fidelity, however, comes at the cost of more
complex governing equations that often lack closed-form solutions
and require numerical techniques for implementation [8].

One example of steel-concrete composite beams analyzed us-
ing analytical models are beams consisting of a steel section with
a reinforced concrete slab resting on it, as presented in the work of
Berczyniski and Wroblewski [9]. Authors investigated the free
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vibrations of steel-concrete composite beams consisting of a rolled
IPE 140 steel beam connected to a reinforced concrete slab via
steel stud connectors. Three analytical models were developed:
two based on Euler beam theory, which included partial shear con-
nection effects but assumed rigid cross-sections and neglected
shear deformation and rotary inertia, and one based on Timo-
shenko beam theory. The latter accounted for shear flexibility and
rotary inertia of the composite cross-section, leading to much closer
agreement with experimental natural frequencies, particularly for
higher vibration modes. The study demonstrated that including
shear and rotational effects significantly improves dynamic model-
ing accuracy. These studies were later continued [10], where three
composite beams with different connection stiffness were tested
experimentally, and the Timoshenko model was complemented by
a discrete rigid finite element model, both of which were success-
fully validated against modal test data and used to identify connec-
tion stiffness parameters.

Other researchers have extended analytical modeling to dam-
age detection. Dilena and Morassi [11] proposed an analytical
method for damage detection in steel-concrete composite beams
based on vibration measurements. The authors developed an Eu-
ler-Bernoulli beam model incorporating a shear-type connection to
represent partial interaction between steel and concrete, enabling
the prediction of natural frequencies and mode shapes for both un-
damaged beams and those with partially degraded shear connect-
ors. The model was experimentally validated through dynamic tests
on specimens in both undamaged condition and with varying levels
of connector damage, showing good agreement with the measured
natural frequencies and mode shapes, including for intermediate
damage states. To enhance modeling accuracy, the authors also
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derived a refined version of the model based on Timoshenko beam
theory. The method successfully identified the location and severity
of damage through frequency shifts, although its sensitivity de-
creased for low damage levels.

Continuous analytical models provide an efficient means for
predicting the global dynamic behavior of steel-concrete composite
beams, offering fast evaluation of natural frequencies and mode
shapes. Although well-suited for simplified geometries and bound-
ary conditions, these models rely on idealized assumptions that
limit their ability to accurately capture local phenomena such as in-
terface slip, material discontinuities, and cross-sectional warping.

In parallel with analytical beam theories, numerical modeling
techniques based on the finite element method [12] and its deriva-
tives, including reduced-order models [13] and rigid finite element
formulations [14], have become standard tools for analyzing steel-
concrete composite beams. These methods, particularly the finite
element method, enable detailed representation of complex geom-
etries, material interfaces, and connection conditions, making them
particularly suitable for layered or infilled structures.

Shen etal. [15] proposed a component-wise analytical ap-
proach based on the Carrera unified formulation [16] to study free
vibration and stress analysis of steel-concrete composite beams.
The method discretized the beam cross-section using Lagrange
polynomials of different orders and allowed each material compo-
nent to be modeled separately while automatically enforcing inter-
facial continuity. Closed-form Navier-type solutions were derived
for simply supported beams and validated on |- and box-section
steel-concrete composite beams. The results showed that the Car-
rera unified formulation component-wise approach can achieve
three-dimensional accuracy in natural frequencies, mode shapes,
and stress fields with significantly fewer degrees of freedom com-
pared with full 3D finite element models. The main limitations in-
clude the assumption of perfect bonding between steel and con-
crete, linear elastic material behavior, and the focus on simple
boundary conditions.

Henriques et al. [17] proposed a Generalized Beam Theory
(GBT)-based finite element model for the dynamic analysis of steel-
concrete composite beams [18], incorporating concrete cracking
and cross-section deformation effects, including shear lag. The ap-
proach involves a two-step procedure: an incremental static analy-
sis to account for non-linear behavior and to obtain the tangent stiff-
ness matrix, followed by an eigenvalue analysis to compute natural
frequencies and vibration mode shapes. The method makes use of
GBT modal decomposition to represent structural deformation
through a set of predefined cross-section modes, enabling re-
duced-order modeling with lower computational cost. The model
was applied to simply supported beams subjected to uniform and
eccentric loading, and the results were compared with those ob-
tained from shell finite element models. Good agreement was ob-
served in terms of natural frequencies and mode shapes, with sig-
nificant reduction in the number of degrees of freedom. The method
was also able to capture the influence of cracking on modal behav-
ior. Limitations include simplified assumptions regarding concrete
material behavior and the treatment of shear connection.

Assem et al. [19] proposed a refined quasi-3D beam theory
combined with the differential quadrature finite element method to
analyze free vibration of steel box-section beams infilled with po-
rous polymer concrete cores. The study introduced different poros-
ity distributions (uniform and two non-uniform patterns) and inves-
tigated their effects on natural frequencies under various boundary
conditions and slenderness ratios. The model demonstrated high
accuracy compared with experimental data and highlighted that
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strategically non-uniform porosity can maintain stiffness while re-
ducing mass. However, the analysis assumed ideal material behav-
ior and lacked experimental validation of porosity-specific configu-
rations. In a subsequent study, the authors extended the proposed
quasi-3D DQFEM framework to investigate the influence of crack
presence and location on the dynamic behavior of composite steel-
polymer concrete box-section beams [20].

The rigid finite element method [21] provides a reduced-order
modeling approach for the dynamic analysis of steel-concrete com-
posite beams. In this formulation, the structure is discretized into
rigid segments interconnected by translational and rotational
springs, efficiently capturing deformability while significantly reduc-
ing the number of degrees of freedom compared to conventional
finite element models.

Abramowicz et al. [22] developed a three-dimensional rigid fi-
nite element model for steel-concrete composite beams, enabling
analysis of flexural, torsional and distortional vibration modes that
cannot be captured by conventional two-dimensional approaches.
The model separately represents the concrete slab and steel I-sec-
tion, linked by spring-damping elements to realistically reproduce
connector dynamic properties. Dynamic tests were performed on
two beams with different connector spacings, and model parame-
ters (e.g., connector stiffness and equivalent longitudinal modulus
of the concrete slab) were identified using natural frequencies and
mode shapes from impulse response experiments. The validated
model showed good agreement with experimental results and was
applied to simulate connector damage, demonstrating the feasibility
of vibration-based damage detection for composite structures

Dunaj et al. [23] applied the rigid finite element method to model
the dynamic behavior of a steel beam filled with polymer concrete,
aiming to provide a low-dimensional yet accurate alternative to con-
ventional finite element models. The proposed approach aggre-
gated the mass and stiffness of steel and polymer concrete into
discrete rigid elements connected by spring-damping elements, en-
abling efficient calculation of natural frequencies, mode shapes,
and frequency response functions. Modal testing confirmed good
agreement in terms of mode shapes and natural frequencies, while
the model significantly reduced computational complexity com-
pared to full 3D FEM simulations. Reported limitations include re-
duced accuracy in predicting non-resonant frequency response.

The reviewed literature indicates that continuous analytical
models and finite element models offer complementary strengths
and limitations in the dynamic analysis of steel-concrete composite
beams. Continuous models provide closed-form expressions for
natural frequencies and mode shapes with minimal computational
effort. They are well suited for parametric studies, damage detec-
tion, and theoretical investigations but rely on simplifying assump-
tions such as perfect bonding, uniform cross-sections, and linear
material behavior, which may limit their applicability to complex or
layered structures. Conventional finite element models, in contrast,
offer high accuracy and flexibility, allowing detailed representation
of material interfaces, geometry, and boundary conditions. How-
ever, this comes with increased computational cost and greater
modeling complexity. The rigid finite element method provides are-
duced-order alternative by discretizing the structure into rigid seg-
ments connected by translational and rotational springs [24]. This
approach enables an efficient representation of deformability, par-
ticularly useful for capturing partial shear interaction and interface
slip, while significantly reducing the number of degrees of freedom.
Its limitations include reduced accuracy in modeling non-resonant
dynamic behavior and the use of simplified, often isotropic, material
properties.
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Although considerable progress has been made in modeling
the dynamic behavior of steel-concrete composite beams, certain
aspects remain the subject of ongoing development. In particular,
comprehensive continuous analytical models that account for all
fundamental vibration modes — transverse, longitudinal, and tor-
sional — and enable the evaluation of amplitude-frequency re-
sponse characteristics are still limited. To contribute to this area,
the present study proposes a continuous analytical model for thin-
walled box-section beams filled with polymer concrete, which cap-
tures transverse, longitudinal, and torsional vibrations. The equa-
tions of motion are derived using Hamilton’s principle, ensuring a
consistent formulation grounded in energy methods. By incorporat-
ing damping, the model enables direct evaluation of frequency re-
sponse functions, providing a more complete dynamic characteri-
zation. The homogenized formulation adopted in this study enables
efficient evaluation of global dynamic characteristics while main-
taining sufficient accuracy, which makes it particularly suitable for
parametric analyses and iterative computational procedures, where
component-wise models would lead to significantly higher compu-
tational cost. The proposed model has been experimentally verified
and validated using reference data from the literature, confirming
its suitability for analyzing the vibration performance of steel-poly-
mer concrete composite beams.

The paper is organized as follows: Section 2 introduces the re-
search object, a steel-polymer concrete beam, and its static and
dynamic experimental testing. Section 3 presents the modeling
methodology, including key assumptions and formulations. Sec-
tion 4 reports the results, verifying the proposed modeling approach
and comparing its accuracy with alternative methods from the liter-
ature. Section 5 discusses the findings, and Section 6 concludes
with key insights, limitations, and directions for future work.

2. MATERIALS AND METHODS

2.1. Research object

The research object is a steel-polymer concrete beam designed
to combine the stiffness of steel with the vibration-damping capa-
bility of polymer concrete. The analyzed beam used a square steel
profile with a cross-section of 70 x 70 mm, a wall thickness of 3 mm
and a length of 1000 mm. The profile was filled with polymer con-
crete and compacted to ensure complete filling. The polymer con-
crete composition, based on previous studies [25,26], consisted of
epoxy resin and mineral aggregates of various grain sizes. The ag-
gregates were divided into fractions according to grain size: ash, a
fine fraction (mainly sand, 0.25-2 mm), a medium fraction (2-10
mm), and a coarse fraction (8-16 mm, primarily irregularly shaped
gravel). The mass percentages of individual fractions are presented
in Tab. 1. The structure of a steel-polymer concrete beam is shown
in Fig. 1.

Tab. 1. Composition of the applied polymer concrete filling

Fine frac- . Coarse
Component Epoxy Ash tion M.:gtl::: fraction
P resin (0.25-2 (8-16
(2-10 mm)
mm) mm)
Weight 0 ) . . .
percent | 1O | 1% | 19% 15 % 50 %
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2, filing 7
materials:

steel )
epoxy resin

B mineral

analyzed beam isometric view

(b)

Fig. 1. Structure of the steel-polymer concrete beam, schematic
view (a), and real structure (b)

2.2. Static tests

Static compression tests were performed to determine the ma-
terial constants required for modelling. Cuboidal samples of steel
(50 x50 x 110 mm) and polymer concrete (45 x45x 110 mm)
were tested on an Instron 8850 machine (Instron, Norwood, MA,
USA) under controlled laboratory conditions (23 °C, 50 % relative
humidity). The setup included a class 0.5 load cell (250 kN capac-
ity) and a class 0.2 Instron 2620-603 tactile extensometer with
measuring ranges of 25 mm and 12.5 mm (£1 mm). Samples were
conditioned for 72 h prior to testing. Material properties with asso-
ciated standard uncertainties and the loss factor, determined from
dynamic tests using the half-power method, are presented in
Tab. 2.

Tab. 2. Material properties of steel and polymer concrete determined
based on the experimental study

Property Steel Polymer concrete
Modulus of elasticity | E; =210+ 5GPa | E, =17.2+0.2GPa
Poisson’s ratio v, =0.28+0.03 v, =0.20£0.05
. ps =7812+35 ps = 2200 kgim?® £
Density kg/m? 26 kg/m®

2.3. Dynamic tests

Experimental modal analysis was performed to determine the
modal parameters of the manufactured beams, both empty and
filed with polymer concrete. Free boundary conditions were ap-
proximated by suspending the beams on steel cables, with suspen-
sion points (100 mm from each end) and cable stiffness chosen to
reproduce natural vibration modes within the target frequency
range.

The measurement setup was designed to capture at least the
first five deformable vibration modes (20-2600 Hz). Impulse



DOI: 10.65731/ama/2026-0029

excitation was applied using a PCB 086C01 (PCB Piezotronics, De-
pew, NY, USA) modal hammer with a polymer tip, providing suffi-
cient bandwidth. To capture transverse, torsional, and longitudinal
responses, excitation was applied in three perpendicular directions
(+X, =Z, -Y); torsional modes were additionally identified by off-axis
excitation in the -Z direction. Excitation points were selected to
avoid nodal regions, located approximately 420 mm from the beam
end for Z and Y excitations, and at the closed end for X-direction
excitation.

Responses were measured using eight ICP PCB 356A01 (PCB
Piezotronics, Depew, NY, USA) piezoelectric accelerometers
mounted simultaneously sing wax as the adhesive. Three-axis
measurements were taken at eight points in each of seven succes-
sive sections, resulting in 56 measurement locations. The sensors
were repositioned sequentially to ensure complete spatial cover-
age. The parameters of the impact testing measurement system
components are presented in Tab. 3.

Tab. 3. Experimental equipment parameters

Parameter \ Value

PCB 086C01 modal hammer
(PCB Piezotronics, Depew, NY, USA)

sensitivity (£15 %) 10.23 mVIN
measurement range +444 N pk
hammer mass 0.10 kg
head mass 0.03 kg
tip polymer

PCB 356A01 three-axis piezoelectric accelerometer
(PCB Piezotronics, Depew, NY, USA)

sensitivity: (20 %) 5mVig
measurement range +1000 g pk
weight (without cable) 0.001 kg

2-8000 Hz

frequency range

Measurement signals were processed using a Scadas Mobile
Vibco system with Simcenter LMS Testlab software (Siemens AG,
Munich, Germany). Sampling was performed at 8,192 Hz with a fre-
quency resolution of 0.25 Hz. Each transfer function was estimated
from 7 repeated excitations using the H1 estimator, and signals
were recorded for 4 s, allowing the response to decay without win-
dowing.

(a) (b)

data acquisition
ex0|tat|ons
= o

—

measurement section

[ =
modal k "' composed of 8 meas-
modal hammer . Urement points
hammer

Steel _ = N /
codes | L testing mmm excitation points x
frame

m Mmeasurement points

Fig. 2. Test stand for conducting impact tests: schematic view
(a) excitation and measurement points arrangement (b)
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3. CONTINUOUS MODEL OF BEAM VIBRATIONS
3.1. Model assumptions

Based on experimental observations, several simplifications
were adopted to develop the mathematical model of the beam. De-
spite the heterogeneous structure of polymer concrete, its dynamic
behavior was represented by a linear elastic material model. This
assumption was supported by experimental results demonstrating
compliance with Maxwell’s reciprocity principle, linear stiffness
characteristics and symmetric mode shapes obtained from impulse
testing, as detailed in [27,28]. Perfect contact between the steel
profile and the polymer concrete filling was assumed along the en-
tire internal surface, with adhesion preventing tangential slip at the
interface.

3.2. Longitudinal vibrations

The longitudinal vibration model was derived using Hamilton’s
principle, assuming that the deformation of the cross-section in the
transverse directions (v and w) is negligible. Accordingly, the dis-
placement components (Fig. 3) in each direction can be expressed
as:

us=up=uc(x»t) vs=v,=0 w;=w, =0 M
dx
du
u+=—dx
u ax
» \
O @ O® OA® -0 A @
u1=up= U(xl),g.f.,:-‘,,:_,,',u,;,c;’-;‘,!,' )2 ,"»’ & —:-
7 1) : Y reerus
© ('".J* o ( O @ NO® @ e
O @& Cog 0 O.g ® /O
Z )
polymer concrete steel beam

Fig. 3. Displacement definitions for the longitudinal vibration model of a
square-section beam

Using the total equivalent coefficients, the potential = and ki-
netic T energies of the composite beam are expressed as:

ff RS f [(EA»(aljj)]dx. ()

= % Of [(pA)c

From equations (2) and (3), the equivalent coefficients for a
composite beam can be determined as the sum of the stiffness and
mass coefficients of its individual components sharing a common
neutral axis. The longitudinal stiffness (EA). and mass per unit
length (pA),. for composite beam depend on steel and polymer
concrete properties and are given by:

(EA). = E;A; + ELA,, 4)

]dx o)

(PA)C = ps4s + ppAp (5)

Applying Hamilton’s principle, the equation of motion of the
beam along the x-axis is obtained as:
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Zu 2 6

(EA). 55 =(p ), 2 P (6)
Assuming a separable solution, the equation can be written as:
uc(x,t) = U(x)Q () (7)

where U(x) is the axial displacement amplitude and Q(t) de-
scribes the harmonic motion. Substituting into equation (7) yields:

0%U(x)
0x?2
where:

+pyw?U(x) =0 (8)

(B,
Pw = (od),

The function U(x) representing the longitudinal vibration
modes, can be written as;

)

wX wX

U(x) = C;cos— + C, sin— (10)
pW w

where the integration constants €, and C, are determined from the

boundary conditions. For a free beam, zero axial force at both ends

gives the boundary conditions:

(EA)c%(X, t)=0, x=0,L. (11)

Substituting the boundary conditions into equation (10) yields
the frequency equation, whose solution gives the natural frequen-
cies:

wL
sin— =20 (12)

Pw

for which the solutions take the form

w, = r"L’"W (13)

where r = 0,1, 2, 3, ..., o denotes the mode number.

Assuming the orthonormality condition:

L0 (oM (0dx = 1 (14

x=0

The normalized rigid and flexible longitudinal mode shapes
were obtained as:

Up(x) = /Wﬁ r=0, (15)
~ _ 2 TPwX
U.(x) = / om0 T

3.3. Torsional vibrations

r=123,..,0. (16)

Because the analyzed beam has a cross-section symmetric
about both principal axes, torsion can be treated as independent of
other vibration modes. However, due to the square cross-section,
distortion occurs during twisting. To account for this effect when de-
termining torsional natural frequencies, the de Saint Venant model
was applied, including a correction for displacement caused by
cross-section warping. Introducing the warpage function ¥V (y, z)
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allows representation of the axial displacement associated with this
distortion. In practice, this requires zero normal shear stress at
every point of the end sections. The resulting displacements (Fig. 4)
in all three directions are expressed as:

Us = Up = ‘I’W(y,z)%,vs =v, =—z0.(x,t), wy =w, =

6. (x, t) (17)
where |s the torsion rate along the beam axis, assumed con-
stant.

Fig. 4. Displacement definitions in the de Saint Venant torsion model for
a square-section beam

The potential and kinetic energies of the composite beam are
given by:

1
= Ejﬂ-(o_xyyxy + O-xzyxz)ch =
Ve

= G| 2) + (2
) (22 e = 2 e (2’

I )+ G (5]

v, =

(19)

2

where J is the torsion constant, dependent on the beam cross-sec-
tion [29]. For a solid square beam, J, = 0.1406h,* and for a

thin-walled square section, J = 0.0625(h, — h,)*. For beams
sharing a common neutral axis, the equivalent torsional stiffness
and mass polar moment of inertia are:

(G])c = (G])s + (G])pv (20)

(pIP). = (pIP)s + (pIP), 21)
where P is the polar moment of inertia, defined as I? =
JI,(x* + z*)dA. Applying Hamilton’s principle, the equation of mo-
tion for torsional vibrations is:

o), L&D _ (g, Z0D) @
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Assuming a separable solution, the equation can be written as:

0.(x, t) = 6(x)Q(0), (23)

where O (x) is the torsional displacement amplitude and Q (t) rep-
resents the harmonic motion. Substituting into equation (22) gives:

0%0(x)

o + p;w? O(x) =0, (24)
where:

_ (@D
e = Gy 25)

The function @ (x), representing the torsional vibration modes,
can be written as:

wX wX

0(x) = C;cos— + C, sin—. (26)
Ps ps

where the integration constants €, and C, are determined from the

boundary conditions. For a free beam, zero torque at both ends

gives the boundary conditions:

(6N 2=, t) =0, x=0,L. @7)

Substituting the boundary conditions into equation (26) yields
the frequency equation, whose solution gives the natural frequen-
cies:

wL
sin— =0, (28)

N

for which the solutions take the form

w =7, 71=0,1,23,..,0 (29)
Assuming the orthonormality condition:
x=L N 5
| a.wen.8.max=1 )
x=0

The normalized rigid and flexible torsional mode shapes were
obtained as:

0,(x) = f(pl) - =0, (31)
~ 2 TP X

= |— = 32
6,(x) ’(pI)CL cos——, r=1,2,3,..,00. (32)

3.4. Transverse vibrations

To derive the equations of motion using Timoshenko’s theory,
the displacement variables were defined as:

ow, (W) _
—2(52 - 252) = 20
wy = w, = w,(x,t) (33)

Us = Uy =

where ¢ is the cross-section rotation, w is the bending displace-
ment, and w* is the shear displacement, as shown in Fig. 5.
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steel beam

Fig. 5. Longitudinal cross-section of a polymer-concrete beam under
bending, showing undeformed and deformed shapes according to
Timoshenko’s theory

The shear coefficient x accounts for the non-uniform shear
strain distribution and cross-section distortion [30]. Applying Hamil-
ton’s principle with Timoshenko's theory, the coefficients of the
composite beam equations were derived. The potential and kinetic
energies of the composite beam are given by:

= lfff (axx xx + o-Zx]/Zx)dV =
—f [EI (6¢;c) + Kk A G (awc qbc) (34)
E,l ("‘ff) + 1A Gy (55— ) ]dx,

T= lfl [psAs (%)2 + psls (%)2 +
o () (5]

For free vibrations, external forces are absent; hence, the work
of external forces is zero.

(35)

5 j (r — T)dt = 0, (36)

8 S22 Iy ([ Bty + Ep,) (222) + Ko (4G, +
4,6,) (52— ¢ ) (5) — (456G, +
4,6,) (22— ¢ ) ] — [(psAs + (37)
Pp p) e (0wc) + (psls +
Polp) = 25 e (22)]) dx dt = 0.

From equations (36) and (37), the equivalent coefficients for
composite beams can be determined from the flexural stiffness
(EI), shear stiffness (AG). and mass moment of inertia (pI),
of individual components sharing a common neutral axis.

(EI)C =E. + Eplp. (38)
(AG)C = A,Gg + ApGp. (39)
(Pl)c = psls + pplp- (40)
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Using integration by parts and grouping terms, the equation for
a uniform beam can be expressed as a system of two differential
equations in terms of the displacement w,. and rotation angle ¢,.:

a2 WC ¢ 22w,
o (AG) 22 + 1 (AG), 2o + (o), S =0, (41)
0°dc 6wc
~(ED 22— K (A6), 22 + ko (AG) o, + @)
0°¢
(pD. af; =0.

The general solution of these equations for natural vibrations
can be written as:

we(x, 1) = W(x)Q(t), ¢.(x,t) =¥ (x)Q(D), (43)

where W (x) and ¥ (x) are the amplitudes of the displacement
w,(x, t) and rotation angle ¢ (x, t), respectively, and Q (t) rep-
resents the harmonic motion. After substitution and simplification,
equations (41) and (42) become:

W) W (x)

I = 44
ax4 + ax2 + SW(X) 0: ( )
o) +P 0¥ (x) + Sy =0 (45)
Ox* Ox2 x)=0,
where:
P =p*(q* +5%), (46)
S = P4(P452q2), (47)
4 _ LA cw? 5, (D. 5, (ED,
TOED: T T (ALY T T k(A6 L (48)

After variable separation, the transverse vibration mode func-
tions for w = w, can be expressed as:

W, (x) = [Clsln— + Czcos— + Cssinh == X | )
C4coshT],
Ax C Ax
Y.(x)=A4, [Dz cos— +D;sin—
L L (50)

Ayx L Ayx
+ D4coshT +D351nhT],

where r = 1, 2, 3, ..., oo denotes the mode number.

H+VH? — 4F
2 )

~H +VHZ — 4F
/12 = f

The four integration constants C,,, where m = 1,2,3,4 for the
translational displacement function W,.(x) and C,, where m =
1, 2, 3, 4 for the rotational displacement function ¥,.(x) are mutu-
ally dependent. Their relationship is obtained by substituting equa-
tions (43) into (42) and inserting (49) and (50) into the result, yield-

ing:

A =
(51)

4.2_ 92
p*s -1 ps—ll
—C,, D, =

D, =~
1 L4

C,, (52)
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The constant A, in equations (49) and (50), as in the longitudi-
nal and torsional cases, is obtained by normalizing the mode func-
tion with respect to the modal mass to satisfy the orthonormality
condition. This condition is expressed as:

LLr=n

0,r#n’ (53)

f;:L{Yr )Y MY, (x)}dx = {

where the natural vibration mode vector and mass matrix are given
by:

60 = fur o) (54
PRCTNY

The integration coefficients C,,, of the transverse vibration
modes are determined from the boundary conditions. For a free
beam, the zero shear force N and bending moment M for the Ti-
moshenko model are expressed as:

09, _ _
(ED), o =0, x=0, (56)
k. (GA), ("a";” (x, ) — ¢, (x, t)) =0, x=0,L (57)

Using all four boundary conditions and the relationship between
the C,,, and D,,, coefficients, a 4 x 4 matrix ID was obtained. The
transverse natural frequencies are determined by solving:

D(w)C =0, (58)

To solve the system of equations (58), the determinant of ma-
trix D was computed, and its zeros were used to obtain the trans-
verse natural frequencies. The integration constants were deter-
mined numerically using matrix factorization, and the correspond-
ing natural vibration modes were plotted for the identified frequen-
cies. Following [31], the translational and rotational rigid forms, re-
sulting from the beam’s displacement and rotation relative to its
centre of gravity, are expressed as:

1
Wgrans (x) = ’(pA) 7 (59)
Wrot(x) = \/WT (x-5) (60)

3.5. Damping

To determine the system response to excitation, damping was
included in the model. A constant damping coefficient was as-
sumed for the entire frequency range using a hysteretic model.
Starting from the distributed internal viscous damping relationship
[32] in Hamilton’s principle and considering the Rayleigh dissipation
function R [32], the translational and rotational motion equations
with damping are given by:

ED (1L + MW" + (pA) 0*W — (oD, (1+

(EA)c )wZW” +

(pA)c(pDc (1)4W — 0' (61)
kc(AG) ¢

Kec(AG) c(1+jm)
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ED(L+ ¥ + (pA)cw?¥ — (o) (1 +

(EA)c) 2yl o PPN 4y, _
Kkc(AG)c W ¥ +K(AG)C(1+j'r])w ¥=0. (62)

To account for internal damping in the continuous model, the
composite longitudinal and transverse stiffnesses were assumed
as:

E;=E.(1+)n.), (63)

G =G.(1+nc). (64)
The general equation of motion for forced vibrations of a uni-
form cross-section beam with damping is written as:
2*w,(x,t) %w,(x, t)
Tt PTG )
=f(x,0).

Forced vibration problems can be solved using the eigenfunc-
tion superposition method or a closed-form solution.

(ED:.(1 + jn.)

4. RESULTS
4.1. Steel-polymer concrete beam parameters

The analyzed beam features a square hollow steel section with
an external cross-section of 70 x 70 mm, wall thickness of 3 mm,
and total length of 1000 mm. The internal volume is completely
filled with polymer concrete. The effective material and geometric
parameters of the composite section were determined using clas-
sical homogenization rules and are listed in Tab. 4.

Tab. 4. Material and cross-sectional parameters used in the model

Parameter Symbol \ Value | Unit |
Square hollow steel section
Modulus of elasticity E 2.05-10" | MPa
Poisson’s ratio Ug 0.28 -
Density Ds 7.8:10% | kg/m?
Loss factor N 2.2:10° -
Cross-sectional area Ag 8.04:104 | m?
Second moment of area I 6.03-107 | m¢
Torsional constant Js 1.02-106 m#
Polar moment of inertia r 1.21-10¢ | m¢
Polymer concrete infill section
Modulus of elasticity Ep 1.72:10" | MPa
Poisson’s ratio Uy, 0.2 -
Density Pp 2.210° | kg/m3
Loss factor Np 1.52-102 -
Cross-sectional area Ap 4.1e-10° | m?
Second moment of area I 1.40-10¢ | m¢
Torsional constant Ip 2.36-106 m#
Polar moment of inertia 15 2.80-106 | m*

The shear coefficient x. was set to 5/6. Material damping was
modeled using a structural damping model with a constant loss fac-
tor n. For the frequency response analysis, it was expressed in the
modal domain as equivalent viscous damping in each vibrational
mode, calibrated using experimental frequency response data. Us-
ing the test stand depicted in Fig. 2, the loss factor n of the
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composite steel-polymer concrete beam was determined through
frequency response function measurements, applying the half-
power method described in [23], which yielded a value of n =
0.00480.

4.2. Experimental verification of mode shapes and natural
frequencies

To verify the predictive capability of the developed continuous
model, a comparison was carried out between the calculated and
experimentally measured natural frequencies. The analysis in-
cluded transverse, torsional, and longitudinal modes to evaluate the
model’s ability to capture diverse types of vibrational behavior. The
accuracy of the predictions is presented in Tab. 4, which summa-
rizes the results for the test specimen described in Subsection 2.1
—a square steel beam with a 70 x 70 mm cross-section, 3 mm wall
thickness, and a total length of 1000 mm. Tab. 5 includes relative
error values & with respect to the experimental results.

Tab. 5. Comparison of experimental and predicted natural frequencies for
the 70 x 70 mm, 3 mm wall, 1000 mm long beam

Mode Mode Experi- Developed Relative er-
number type ment, Hz model, Hz ror 8, %

1. 1st trans. 340 342 0.6

2. 1st trans. 341 342 0.3

3 2Mtrans. 899 902 0.3

4. 2ndtrans. 902 902 0

5. 1st tors. 1264 1246 14

6. 3rd trans. 1665 1672 04

7. 3rd trans. 1672 1672 0

8. 1stlong. 2003 1959 2.2

9. 20 tors. 2520 2491 1.2

10. 4t trans. 2571 2592 0.8

1. 4t trans. 2573 2592 0.7
Average: 0.7

The comparison presented in Tab. 5 confirms full agreement of
mode shapes, indicating that the developed model accurately cap-
tured the first eleven modes of the composite beam. The predicted
natural frequencies match the experimental results with a mean rel-
ative error of 0.7 % and a maximum deviation of 2.2 %, observed
for the first longitudinal mode (mode 8). Transverse modes, which
dominate the dynamic response, were reproduced with high preci-
sion, with several modes (modes 4 and 7) showing zero error and
others deviating by less than 0.6 %. Torsional modes were slightly
underestimated, with relative errors below 1.5 %, while longitudinal
behavior was less accurately captured. Overall, the results confirm
the suitability of the continuous model for predicting global dynamic
characteristics across multiple mode types.

Frequency response functions for both the experimental setup
and the model were plotted. Excitation was applied at 7/12 of the
beam length from one end, and responses were measured at 2/12
of the length. Fig. 6 presents the linear and logarithmic receptance
functions of the analytical model compared with those of the tested
beam.

As shown in Fig. 5, the measured and predicted receptance
functions display very similar resonance peaks and frequency loca-
tions. The agreement in amplitude and curve shape indicates that
the developed continuous model provides a reliable approximation
of the dynamic response of the tested beam in both transverse di-
rections.
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Fig. 6. Receptance functions of the 70 x 70 mm, 3 mm wall, 1000 mm
beam from the developed model and experimental measurements
in Z direction (a) and X direction (b)

4.3. Comparison with Other Modeling Approaches

To further evaluate the applicability of the proposed continuous
model, its results were compared with those obtained using alter-
native modeling approaches and with data reported for beams of
different dimensions. This comparison serves as an additional form
of validation, assessing the model’s ability to predict dynamic prop-
erties beyond the specific geometry tested experimentally. It also
highlights the model's performance relative to other commonly
used analytical and numerical methods. Tab.6 presents a

DOI: 10.65731/ama/2026-0029

comparison between the developed continuous model and two fi-
nite element-based approaches: (i) a one-dimensional beam ele-
ment model (based on a classical beam theory) and (ii) a full three-
dimensional finite element model, both reported in [23]. Tab. 6 has
been supplemented with relative error values referenced to the ex-
perimental results. The notation is as follows: & denotes the relative
error for the proposed continuous model, 85, for the three-dimen-
sional finite element model, and &, , for the one-dimensional finite
element model (based on Euler-Bernoulli theory).

The results in Tab. 6 highlight the differences in predictive ac-
curacy between the continuous model and the two finite element
approaches. The continuous model achieved a mean relative error
of 2.4 %, closely matching the experimental frequencies and
demonstrating consistent performance across both transverse and
torsional modes. The full three-dimensional finite element model
showed slightly better accuracy, with an average error of 1.9 %,
reflecting its capacity to capture detailed geometric and material
characteristics. In contrast, the one-dimensional beam element
model exhibited the largest deviations, with an average error of 4.2
%, particularly underestimating torsional and higher-order trans-
verse modes — a characteristic limitation due to its foundation in
Euler—Bernoulli beam theory. These findings suggest that while 3D
finite element models offer the highest fidelity, the continuous
model provides a favorable balance between accuracy and compu-
tational efficiency, outperforming the conventional one-dimensional
approach. However, to fully substantiate this observation, a direct
comparison with a one-dimensional model based on Timoshenko
beam theory would be necessary.

Tab. 6. Comparison of experimental and finite element models-predicted natural frequencies for the 50 x 50 mm, 2 mm wall, 1000 mm long beam

. Developed 0 Finite element models
no Mode type Experiment, Hz model, Hz 5, % 3D, Hz 50, % 1D, Hz 510, %
1, 1st trans. 247 245 0.8 248 0.4 243 1.6
2, 1st trans. 251 245 24 248 1.2 243 3.2
3. 2" trans. 676 657 2.8 685 1.3 650 3.8
4, 2 trans. 678 657 3.1 685 1 650 4.1
5. 1st tors. 1276 1246 24 1241 2.7 1184 7.2
6. 3d trans. 1282 1249 2.6 1326 34 1223 46
7. 3d trans. 1282 1249 2.6 1326 34 1223 46
Average: 2.4 Average: 1.9 Average: 4.2
An additional comparison was conducted using data from the 6. | 3dtrans. 1282 1249 26 1275 0.5
previously referenced study [23], involving a steel-polymer concrete 7. | 39 trans. 1282 1249 26 1275 0.5
beam modeled with the rigid finite element method. The results are Average: | 2.4 | Average: | 1.8

presented in Tab. 7, where 8 denotes the relative error of the rigid
finite element model with respect to the experimental data.

Tab. 7. Comparison of experimental and rigid finite element models-pre-
dicted natural frequencies for the 50 x50 mm, 2mm wall,
1000 mm long beam

| Moge | Exer- '1:‘;‘3 5 | Rigdfinite | o
no type ment, model, % element %
Hz Hz model, Hz
1. | 1sttrans. 247 245 0.8 244 1.2
2. 1st trans. 251 245 24 245 24
3. | 2ndtrans. 676 657 2.8 664 1.8
4. | 2trans. 678 657 3.1 665 1.9
5. 1st tors. 1276 1246 24 1224 4.1

288

The results indicate that both the developed continuous model
and the rigid finite element method provide good agreement with
the experimental natural frequencies for the steel-polymer concrete
beam. The rigid finite element model demonstrated slightly better
overall accuracy, with an average relative error of 1.8 %, compared
to 2.4 % for the continuous model. This difference is particularly
evident in the higher-order transverse modes (modes 6 and 7),
where the rigid model achieved errors as low as 0.5 %, while the
continuous model showed consistent deviations of 2.6 %.

For the lower-order transverse modes (modes 1 to 4), both
modeling approaches performed similarly, although the rigid finite
element model produced slightly smaller errors in most cases. In
contrast, the continuous model was more accurate in predicting the
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first torsional mode (mode 5), with a relative error of 2.4 %, com-
pared to 4.1 % for the rigid model. This suggests that while the rigid
finite element formulation is well suited for capturing bending-dom-
inated behavior, it may be less effective in describing torsional dy-
namics.

In summary, the rigid finite element model showed marginally
higher accuracy in predicting transverse vibration modes, particu-
larly at higher frequencies, while the continuous model provided
more consistent results across both bending and torsional modes.

Based on another study [27], a comparison of natural frequen-
cies for a 140 mm x 140 mm beam with a 6 mm wall thickness and
1000 mm length was also conducted. The results, including relative
errors 85, for the three-dimensional finite element model with re-
spect to experimental data, are presented in Tab. 8.

Tab. 8. Comparison of experimental and rigid finite element models-pre-
dicted natural frequencies for the 140 x 140 mm, 6 mm wall,
1000 mm long beam

Devel-

o dede | P o 5 o
no type Hz m:clel, % model. Hz %
1. | 1sttrans. 628 644 2.5 648 3.2
2. | 1sttrans. 629 644 24 648 3
3. 18t tors. 1252 1258 0.5 1265
4, | dtrans. | 1526 1561 2.3 1567 2.7
5. | 2vdtrans. | 1527 1561 2.2 1567 2.6
Average: | 2.0 | Average: 25

The results presented in Tab. 8 show that the developed con-
tinuous model predicted natural frequencies with relative errors
ranging from 0.5 % to 2.5 %, with an average of 2.0 %. The three-
dimensional finite element model showed slightly higher deviations
from 1.0 % to 3.2 %, averaging 2.5 %. For the first and second
transverse modes (modes 1, 2, 4, and 5), the continuous model
exhibited relative errors of approximately 2.2-2.5 %, while the three-
dimensional model showed slightly higher discrepancies. The tor-
sional mode (mode 3) was predicted with the highest accuracy by
both models, showing the lowest error levels. This suggests that
both modeling approaches capture torsional stiffness reliably.

4.4, Discussion

The presented results collectively demonstrate that the devel-
oped continuous analytical model offers reliable predictive capabil-
ity for the dynamic behavior of steel-polymer concrete composite
beams across a range of cross-section dimensions and mode
types. In all analyzed cases, the model consistently reproduced the
experimentally measured natural frequencies with relative errors
typically below 3 %, and with a mean error ranging from 0.7 % to
2.4 %, depending on the specific geometry.

The agreement between experimental and predicted re-
ceptance functions (Fig. 6) further supports the capability of the
continuous model to reproduce not only natural frequencies but
also the overall dynamic response of the composite beam. A slight
discrepancy in the anti-resonance depth can be observed, which
may be attributed to the simplified damping representation adopted
in the analytical model.

When compared to high-fidelity three-dimensional finite ele-
ment models, the continuous model achieved similar or slightly bet-
ter accuracy in some configurations, particularly for torsional modes
and beams with thinner walls. This highlights its ability to efficiently
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capture global vibrational characteristics without the need for large-
scale numerical discretization. While three-dimensional models of-
fer detailed representation of geometry and material interfaces,
they do so at significantly higher computational cost. The continu-
ous model, by contrast, provides a valuable trade-off between ac-
curacy and simplicity, particularly in early-stage design, sensitivity
studies, or parameter optimization.

Additionally, comparisons with reduced-order modeling ap-
proaches such as the rigid finite element method confirmed the ro-
bustness of the continuous model. Although the rigid finite element
model demonstrated slightly better accuracy in higher-order trans-
verse modes, it also exhibited larger errors in torsional modes.
These findings reinforce the observation that the continuous formu-
lation delivers a more balanced representation of bending and tor-
sional behavior — an important feature when dealing with composite
beams where both stiffness contributions play a significant role.

The comparative analysis against one-dimensional finite ele-
ment beam element models based on classical beam theories fur-
ther underscores the limitations of simplified formulations. The clas-
sical approach systematically underestimated torsional and higher-
order transverse modes, confirming that such models may not be
adequate for vibration analysis of filled sections, particularly when
shear deformation and warping effects appear to be significant.

Finally, results obtained for a beam with decreased and in-
creased cross-sectional dimensions (50 x 50 mm, 2 mm wall thick-
ness and 140 x 140 mm, 6 mm wall thickness) confirmed the scala-
bility of the continuous model. Despite substantial differences in
cross-section-to-length ratio, the model retained high predictive ac-
curacy.

In summary, the continuous model demonstrated broad ap-
plicability, high accuracy, and robustness across different cross-
section dimensions. Its performance compared favorably with es-
tablished finite element methods and reduced-order techniques,
supporting its use as an efficient and reliable tool for predicting the
dynamic behavior of steel-polymer concrete beams.

5. CONCLUSIONS

This study presented a continuous analytical model for predict-
ing the dynamic behavior of thin-walled steel box beams filled with
polymer concrete. The formulation incorporates transverse, tor-
sional, and longitudinal vibrations, enabling the calculation of natu-
ral frequencies and mode shapes. Experimental validation demon-
strated that the model accurately predicted the first eleven modes,
achieving an average relative error below 1.0 % and full agreement
in mode shapes.

Comparative analyses with full three-dimensional finite element
models, one-dimensional finite element beam models, and rigid fi-
nite element formulations confirm the model’s competitive accu-
racy. In particular, the proposed approach matched the fidelity of
high-resolution numerical models in bending and torsional modes,
while offering reduced computational complexity.

The main limitations of the model stem from the assumption of
perfect bonding between the steel shell and polymer concrete core,
as well as the reliance on homogenized material properties. These
simplifications may affect predictions in cases where interfacial slip,
local stress concentrations, or heterogeneous infill properties play
a significant role.

Future research will focus on extending the model to account
for variable cross-sections, non-uniform, or graded infill materials,
and damping characterization to enable complete frequency re-
sponse prediction. Integration into optimization frameworks
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(benefiting from the significantly lower computational cost com-
pared to detailed 3D FEM models) is also planned to support effi-
cient design of steel-polymer composite structures.
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