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Abstract: The governing system of equations for the model of a locally inhomogeneous elastic body is based on constitutive equations 
generalized to account for local inhomogeneity of the binding energy and includes an equation for the mass density in the form of an  
inhomogeneous Helmholtz equation. This paper shows that, by selecting appropriate mass sources (the inhomogeneous term in the mass 
density equation), it is possible to obtain a mass density distribution in the near-surface region that reflects the characteristics of the  
Abbott–Firestone curve, which is widely used in engineering practice to describe surface roughness. Using a flat surface as an example, the 
influence of the model parameters on the core, peak, and valley zones of the material ratio curve is investigated. When modeling the influence 
of the surface roughness parameters of a real body on the effective elastic moduli of thin films, it is assumed that the local Young’s modulus 
and Poisson’s ratio are functions of the mass density. The solution to the problem for a stretched layer is expressed in quadratures, and its 
analysis is performed using numerical methods. In particular, it is shown that the characteristic length scales of the size effects of the effective 
elastic moduli depend on the structural heterogeneity of the material and on the sizes of the core, peak, and valley zones of the roughness 
profile. 
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1. INTRODUCTION 

In engineering practice, thin films and thin-film elements have 
found widespread application [1-4]. In these elements, surface and 
bulk factors contribute comparably to their overall energy. Particles 
located on the surface of a body experience interactions only from 
the internal regions, whereas particles in the deeper layers of the 
body interact isotropically in all directions. This implies that the bind-
ing energy of a particle changes as one moves from the surface 
into the bulk of the material. Such inhomogeneity results in a non-
zero stress-strain state, which is sometimes accounted for by incor-
porating surface energy effects into the model [5-9]. Properly ac-
counting for near-surface inhomogeneity allows for the description 
of various size-dependent effects, including surface stresses and 
mechanical strength. The binding energy within a material is closely 
related to its mass density, and near-surface inhomogeneity can be 
linked to surface roughness. In a single-component solid body, var-
iations in mass density inhomogeneity are typically correlated with 
changes in porosity. 

Geometric inhomogeneity is an inherent characteristic of every 
real surface, regardless of its formation or processing method. To 
quantify surface roughness, various numerical parameters are 
used, distinguishing between the surface's three-dimensional de-
scription and its profile's two-dimensional representation. A key pa-
rameter in surface profiling is the bearing area curve, known as the 
Abbott-Firestone curve or material ratio curve. Originally developed 
to analyze the contact between two surfaces, this curve illustrates 
the relationship between the actual contact area and the separation 
distance of the surfaces [10, 11]. When a surface is depicted 

through a profilometric contour, the Abbott-Firestone curve, as a 
function of height 𝑧, represents the fraction of the nominal area con-
tained within the surface contour at elevation 𝑧. In other words, it 
quantifies the percentage of space occupied by the material at a 
given height within the real surface profile. 

Figure 1 illustrates the key features of the curve along with the 
𝑅𝑘 family parameters. Here, 𝑅𝑡 represents the total height of the 
roughness profile, defined as the distance between its highest peak 
and lowest valley. 𝑅𝑘 represents the thickness of the core zone. 
The parameters 𝑀𝑟1  and 𝑀𝑟2 are percentage values that charac-
terize the core zone, usually with 𝑀𝑟2 = 80% and 𝑀𝑟1 = 5% or 
10%. Parameters 𝑅𝑝𝑘 and 𝑅𝑣𝑘  correspond to the average heights 

of the peaks above and the valleys below the core zone, respec-
tively. Note, lower 𝑅𝑝𝑘 values indicate higher abrasion resistance 

and an increased contact area, whereas higher 𝑅𝑣𝑘  values suggest 
an improved capacity of the surface to retain lubricant. 

 
Fig. 1. An Abbott-Firestone curve illustrating the peak, valley and core 

zones of the surface roughness profile and 𝑅𝑘  family of 
parameters 
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The curve is typically used in manufacturing and quality control 
for tribology and wear analysis, as well as for evaluating lubrication 
performance [12, 13]. It is determined experimentally based on a 
profilometer scan of the surface, which generates a surface height 
profile. Its physical significance is related to the concept of mass 
density since the portion of space occupied by the material corre-
sponds to the mass density of a porous material. 

If the Abbott-Firestone curve is plotted as mass density 𝜌 ver-
sus distance 𝑟 measured from the highest point of the surface pro-
file to the depth of the body, it will resemble the representation 
shown in Fig. 2. Here 𝜌∗ represents the mass density of a solid 
medium of the identical material. This means that the microinhomo-
geneities of a real body's surface are characterized by near-surface 
mass density inhomogeneity within a continuum description, where 
the surface of the body is modeled as a smooth geometric surface 
(e.g. a plane) passing through the highest peak of the actual sur-
face. In classical solid mechanics, mass density is typically as-
sumed to be constant throughout the entire body and for a given 
material, it does not vary from point to point. 

 
Fig. 2.  Abbott-Firestone curve in terms of mass density 𝜌  

Near-surface mass density inhomogeneity and the effects re-
lated to the inhomogeneity of binding energy can be addressed 
within the framework of the local-gradient approach in thermome-
chanics [14-16]. In the study [17], a mathematical model of a locally 
inhomogeneous elastic body considering surface roughness was 
proposed. One of the equations of this model is the equation for 
mass density. Its solution for a body with flat boundaries reflects the 
regularities of the bearing ratio curve. 

Considering the variation in mass density from point to point, 
an accurate description must account for the corresponding change 
in material properties including elastic characteristics such as the 
moduli of elasticity. In porous solids, Young's modulus 𝐸 and Pois-
son's ratio 𝜈 are often related to the porosity coefficient 𝜙 by the 
following relationships 

𝐸 = 𝐸∗(1 − 𝜙),     𝜈 = 𝜈∗(1 − 𝜙)   (1) 

Here, quantities intrinsic to the fully dense (non-porous) mate-
rial (in the reference state) are denoted by an asterisk. These de-
pendencies are widely reported in literature and are supported both 
experimentally [18-20] and theoretically, particularly through ho-
mogenization methods [21-23]. Since porosity reflects the amount 
of void space in a material, these relationships can also be ex-
pressed in terms of mass density: 

𝐸 = 𝐸∗
𝜌

𝜌∗
,     𝜈 =  𝜈∗

𝜌

𝜌∗
  (2) 

This is especially important in thin films, where the size of the 
near-surface mass density inhomogeneity region can be compara-
ble to the thickness of the body. It is also worth noting that, knowing 
the dependencies of Young's modulus and Poisson's ratio on den-
sity, one can, if necessary, derive similar relationships for other 
elastic moduli. 

The objective of this work is to model and analyze how the sur-
face roughness of a real body affects the elastic moduli in thin films. 
This study is conducted within the model of a locally inhomogene-
ous elastic body with surface roughness. In addition, it is investi-
gated how the thickness of the near-surface region of mass density 
inhomogeneity, especially the regions of peaks and valleys, de-
pends on the model parameters. 

2. BASIC RELATIONS OF LOCAL GRADIENT APPROACH 
IN MECHANICS OF ELASTIC SOLIDS 

One of the key equations of the locally inhomogeneous elastic 
body model is the equation for mass density [14, 17] 

∇2𝜌 − 𝜉𝑚
2 (𝜌 − 𝜌∗) = −𝜉𝑚

2 𝑑𝑠𝑚   (3) 

Here 𝜉𝑚  is a parameter that characterizes the material struc-
ture of the body, 𝑑𝑠𝑚  is a function accounting for the method of 
surface formation (referred to as mass sources for convenience), 

∇2= ∇⃗⃗ ∙ ∇⃗⃗ , where ∇⃗⃗  is the del operator, and “∙” stands for the dot 
product. It should be noted that mass sources allow us to consider 
the inhomogeneity of mass density in a region whose size differs 
significantly from the characteristic grain size of the material, which 
the parameter 𝜉𝑚 is usually associated with [14]. When describing 
near-surface heterogeneity, it is reasonable to assume that the 
function 𝑑𝑠𝑚  decreases to zero as it extends from the surface into 
the depth of the body. 

In the paper [17], mass sources were proposed for bodies with 
nominally flat boundaries to account for the patterns of the bearing 
area curve. The parameters of these mass sources enable control 
over the size of near-surface heterogeneity regions, as well as the 
dimensions of peaks and valleys zones. 

In the model of a locally inhomogeneous elastic body, the com-
plete system of equations includes the equation (3) for mass den-
sity, along with the equations governing the elastic fields — specif-
ically, those for the displacement vector and the stress or strain ten-
sors. 

The linearized equilibrium equation for the displacement vector 
𝑢⃗  and mass density 𝜌 takes the form 

(1 − 2𝜈)∇2𝑢⃗ + ∇⃗⃗ (∇⃗⃗ ∙ 𝑢⃗ ) − 2𝑎𝑚(1 + 𝜈)∇⃗⃗ 𝜌 = 0   (4) 

where 𝑎𝑚  is a material parameter. 
Choosing the stress tensor 𝜎̂ as the solving function, instead of 

the displacement vector 𝑢⃗ , results in another system of equations 
for the model. For this case, equation (4) should be replaced with 
the following two equations 

∇⃗⃗ ∙ 𝜎̂ = 0,   

∇⃗⃗ × {∇⃗⃗ × [(1 + 𝜈)𝜎̂ − (ν𝜎 − 𝐸𝑎𝑚(𝜌 − 𝜌∗))𝐼]}
𝑇

= 0   (5) 

Here 𝜎 = 𝜎̂: 𝐼, 𝐼 is the second order identity tensor, the sym-

bols “:” and “×” denotes double inner and cross products respec-
tively, the superscript 𝑇 indicates transposition. 

It is worth noting that the parameter conjugated to 𝜌 is the ther-
modynamic chemical potential 𝐻, and the perturbation of the latter 
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is associated with the perturbation of the binding energy [14, 15]. 
We also note that the stress tensor 𝜎̂ and the thermodynamic 
chemical potential 𝐻 are related to the strain tensor 𝑒̂ and the mass 
density 𝜌 by the relations 

𝜎̂ =
𝐸

1+𝜈
𝑒̂ +

𝐸

1−2𝜈
(

𝜈

1+𝜈
𝑒 − 𝑎𝑚(𝜌 − 𝜌∗)) 𝐼   

𝐻 = 𝐻∗ −
𝐸

1−2𝜈
𝑎𝑚𝑒 + 𝑎𝑚𝑚(𝜌 − 𝜌∗)   (6) 

and the strain tensor 𝑒̂ is related to the displacement vector 𝑢⃗  by 
the Cauchy relation 

𝑒̂ =
1

2
[∇⃗⃗ ⨂𝑢⃗ + (∇⃗⃗ ⨂𝑢⃗ )

𝑇
]   (7) 

Here 𝑎𝑚𝑚  is a material parameter, 𝐻∗ is the thermodynamic 

chemical potential of the material in the reference state, 𝑒 = 𝑒̂: 𝐼, 
⨂ stands for the tensor product. 

When formulating boundary value problems, the systems of 
equations (3), (4) or (3), (5) must be supplemented with an expres-
sion for 𝑑𝑠𝑚  and the appropriate boundary conditions. 

3. INTERFACE INHOMOGENEITY NEAR A NOMINALLY  
FLAT BOUNDARY 

Let us consider an isotropic deformable half-space free from 
external force loading, occupying the domain 𝑥 ≥ 0 in the rectan-
gular Cartesian coordinate system {𝑥, 𝑦, 𝑧}. The reference state is 
taken to be the state of a homogeneous body, with constant mass 
density equal to 𝜌∗. We assume that the surface of the body passes 
through the highest vertex of the profile of the real surface, there-
fore, we take the following boundary condition together with the 
condition of the mass density being bounded at infinity 

𝜌(0) = 0, lim
𝑥→+∞

𝜌(𝑥) = 𝜌∗   (8) 

The choice of the mass density at the surface of a body de-
pends on various factors, including the modeling approach and the 
state of the surface. A method for justifying the determination of 
surface density is discussed in [24], which arrives at a value of 
𝜌∗/2 for a perfectly flat surface, with lower values for rougher sur-
faces. In general, the density at the surface of the solid can vary 
from 0 to 𝜌∗. In this study, we rely on the Abbott-Firestone curve, 
which represents the percentage of space occupied by the material. 
We observe that at the boundary of the solid, this percentage starts 
from zero. Therefore, we assume that the density at the surface of 
the solid is zero. 

Assuming that 𝑑𝑠𝑚  depends only on the coordinate 𝑥, the so-
lution of equation (3), that satisfies conditions (8) can be written as: 

𝜌(𝑥) = 𝜌∗(1 − exp(−𝜉𝑚𝑥)) +
1

2
𝜉𝑚 exp(𝜉𝑚𝑥) ×   

× ∫ 𝑑𝑠𝑚(𝑡)exp(−𝜉𝑚𝑡)𝑑𝑡
+∞

𝑥
−

1

2
𝜉𝑚 exp(−𝜉𝑚𝑥) ×           (9) 

× [∫ 𝑑𝑠𝑚(𝑡) exp(−𝜉𝑚𝑡)𝑑𝑡
+∞

0
− ∫ 𝑑𝑠𝑚(𝑡)exp(𝜉𝑚𝑡)𝑑𝑡

𝑥

0
]  

In [17], the expression for the mass sources 𝑑𝑠𝑚  was adopted 
as follows 

𝑑𝑠𝑚(𝑥) = −𝜌∗[𝑎 exp(−(𝜉𝑠𝑥)
𝑘) + 𝑏 exp(−𝜉𝑠𝑑𝑥)]      

 𝑎 + 𝑏 = 1   (10) 

where 𝑎, 𝑏, 𝑘, 𝜉𝑠 , 𝜉𝑠𝑑   are constant parameters. It is also shown 
that this representation allows considering the regularities of the 

material ratio curve into the mass density distribution, including the 
existence of peak, core and valley zones. This is illustrated in par-
ticular by the graphs in Fig. 3 which present the dependence of 
𝜌 𝜌∗⁄  on 𝜉𝑚𝑥. In Fig. 3 a) 𝑎 = 1, 𝜉𝑠 𝜉𝑚⁄ = 0.1, 𝑘 = 6,3,1 (blue, 
red and green curves); in Fig. 3 b) 𝑎 = 0.8, 𝜉𝑠𝑑 𝜉𝑚⁄ = 0.08, 
𝜉𝑠 𝜉𝑚⁄ = 0.1, 𝑘 = 6,3,1 (curves 1–3); in Fig. 3c) 𝑎 = 0.8, 
𝜉𝑠𝑑 𝜉𝑚⁄ = 0.08, 𝑘 = 6, 𝜉𝑠 𝜉𝑚⁄ = 0.8,0.4,0.2,0.1 (curves 1–4). 
For 𝑘 > 1 and 𝑎 = 1, the figures exhibit a clearly pronounced 
peak region. For 𝑘 > 1 and 𝑎 < 1, the peak region becomes ap-
parent at smaller values of 𝜉𝑠 𝜉𝑚⁄  (Fig. 3 c). 

a)  

b)  

c)  

Fig. 3. Interface inhomogeneity of mass density near a flat boundary  

The demarcation lines between the core zone and the peak/val-
ley zones are defined by the values of 𝑀𝑟1 and 𝑀𝑟2 . We assume 
that core zone starts where 𝜌 𝜌∗⁄ = 0.10 and ends where 
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𝜌 𝜌∗⁄ = 0.80. Additionally in numerical investigation we assume 
that 𝜌(𝑅𝑡) 𝜌∗⁄ = 0.99. 

Figs. 4-6 show the effect of mass source parameters on the 
thicknesses of the near-surface mass density inhomogeneity zone 
𝑆𝑅𝑡 , peak zone 𝑆𝑃𝑍 and valley zone 𝑆𝑉𝑍 . 

a)  

b)  

c)  

Fig. 4. The influence of the parameter 𝜉𝑠 𝜉𝑚⁄  on 𝑆𝑅𝑡, 𝑆𝑃𝑍 , 𝑆𝑉𝑍.  
 𝑎 = 1,   𝑘 = 6,3,1 – curves 1–3 respectively  

 

a)  

b)  

c)  

Fig. 5. The influence of the parameter 𝜉𝑠𝑑 𝜉𝑚⁄  on 𝑆𝑅𝑡, 𝑆𝑃𝑍 , 𝑆𝑉𝑍. 𝑘 = 3, 
𝜉𝑠 𝜉𝑚⁄ = 0.3,   𝑎 = 0.3,0.5,0.7 – curves 1–3 respectively  

a)  
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b)  

c)  

Fig. 6. The influence of the parameter 𝑘 on 𝑆𝑅𝑡, 𝑆𝑃𝑍 , 𝑆𝑉𝑍. 𝑎 = 1,  
  𝜉𝑠 𝜉𝑚⁄ = 0.1, 0.3, 0.5  – curves 1–3 respectively   

The graphs presented above demonstrate the significant po-
tential for modeling the material curves of real surfaces using the 
parameters of the mass density sources. It is important to note that 
the parameter 𝑘 enables the model to capture the peak zone, while 
the second term in the expression for the mass sources (10) provi-
des effective control over the extent of the valley zone. 

4. ELASTIC MODULI DEPENDENT ON MASS DENSITY 

Generalizing formulas (2) for Young's modulus and Poisson's 
ratio, we assume 

𝐸 = 𝐸∗ (
𝜌

𝜌∗
)
𝛽𝐸

≡ 𝐸∗𝑓𝐸(𝜌)   

𝜈 = 𝜈∗ (1 − 𝛽𝜈 (1 −
𝜌

𝜌∗
)) ≡ 𝜈∗𝜑𝜈(𝜌)  (11) 

Here 𝐸∗, 𝜈∗ are Young's modulus and Poisson's ratio of the 
body material in the reference state, 𝛽𝐸 , 𝛽𝜈  are the constants. This 
is consistent with the literature, including [19, 25, 26]. 

Since mass density varies from point to point, the elastic moduli 
exhibit the same property. These moduli are referred to as local 
elastic moduli. On the other hand, Young's modulus is an experi-
mentally measurable characteristic of a body, defined as the ratio 
of the applied external force intensity to the resulting relative elon-
gation of the body (specifically, the elongation of its surface) caused 
by the load. The measured value represents the average over the 

cross-sectional area of the sample. We denote this as 𝐸𝑒𝑓, 

referring to it as the effective Young's modulus. The same consid-

erations apply to the effective Poisson's ratio 𝜈𝑒𝑓. A significant 
number of studies have been devoted to the investigation of effec-
tive moduli in heterogeneous bodies, including [27]. 

Using the example of a layer, we examine how the roughness 
of the body's real surface affects the effective elastic moduli. 

5. THE STEADY STATE OF THE STRETCHED LAYER 

Consider an isotropic solid layer, which occupies the region 
|𝑥| ≤ 𝑙 in the rectangular Cartesian coordinate system {𝑥, 𝑦, 𝑧}. 
We assume that on the surfaces of the layer 𝑥 = 𝑙, 𝑥 = −𝑙, which 
are identical, the mass density is equal to 0 and at 𝑦 → ±∞ the 
force load of constant intensity 𝜎𝑎 acts along the O𝑦 axis. 

Under such an external action, a one-dimensional situation 
over 𝑥 variable is realized in the body 

𝜎̂ = 𝜎̂(𝑥),     𝜌 = 𝜌(𝑥).   

The steady state of the layer is described by the system of 
equations 

𝑑𝜎𝑥𝑥

𝑑𝑥
= 0   

𝑑2

𝑑𝑥2 (
1+𝜈

𝐸
𝜎𝛾𝛾 −

𝜈

𝐸
𝜎) = −

𝑑2

𝑑𝑥2
(𝑎𝑚(𝜌 − 𝜌∗)), 𝛾 = {𝑦, 𝑧}   

𝑑2𝜌

𝑑𝑥2 − 𝜉𝑚
2 (𝜌 − 𝜌∗) = −𝜉𝑚

2 𝑑𝑠𝑚 ,   (12) 

boundary conditions 

𝜌 = 0,     𝜎𝑥𝑥 = 0  (13) 

at surfaces 𝑥 = 𝑙, 𝑥 = −𝑙 and conditions 

∫ 𝜎𝑦𝑦 𝑑𝑥 =
𝑙

−𝑙
2𝑙𝜎𝑎 , ∫ 𝜎𝑧𝑧 𝑑𝑥 =

𝑙

−𝑙
0,  

∫ 𝑥𝜎𝑦𝑦 𝑑𝑥 =
𝑙

−𝑙
0, ∫ 𝑥𝜎𝑧𝑧 𝑑𝑥 =

𝑙

−𝑙
 0  (14) 

in arbitrary layer cross sections y = const, z = const. 
We will conduct a numerical investigation for the function 𝑑𝑠𝑚  

given by the formula 

𝑑𝑠𝑚 = −𝜌∗ {𝑎 [exp (−(𝜉𝑠(𝑙 + 𝑥))
𝑘
) + exp (−(𝜉𝑠(𝑙 −

𝑥))
𝑘
)] + 𝑏

cosh(𝜉𝑠𝑑𝑥)

cosh(𝜉𝑠𝑑𝑙)
} ,    𝑎 + 𝑏 = 1  (15) 

Additionally, we assume (𝜉𝑠𝑙)
𝑘 ≫ 1. It can be noted that if we 

consider the density distribution close to the surface 𝑥 = −𝑙 of a 
thick layer, this formula is consistent with equation (10). 

The solution of the formulated problem (11)-(15) written for the 
mass density and non-zero components of the stress tensor reads 

𝜌(𝑥) = 𝜌∗ + 𝜉𝑚 ∫ 𝑑𝑠𝑚(𝑡)sinh(𝜉𝑚(𝑡 − 𝑥))𝑑𝑡
𝑥

0
+ 

+
cosh(𝜉𝑚𝑥)

cosh(𝜉𝑚𝑙)
[−𝜌∗ + 𝜉𝑚 ∫ 𝑑𝑠𝑚(𝑡)sinh(𝜉𝑚(𝑙 − 𝑡))𝑑𝑡

𝑙

0
]    

𝜎𝑦𝑦(𝑥) =
𝑓𝐸(𝜌(𝑥))𝜎𝑎

2(1+𝜈∗𝜑𝜈(𝜌(𝑥)))

1

𝐼𝑛2
(
1+𝜈∗𝜑𝜈(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))
+

𝐼𝑛1

𝐼𝑛2
) − 

−
𝐸∗𝜌∗𝑎𝑚𝑓𝐸(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))
(
𝜌(𝑥)

𝜌∗
− 1 −

𝐼𝑛1

𝐼𝑛2
)    

𝜎𝑧𝑧(𝑥) =
𝑓𝐸(𝜌(𝑥))𝜎𝑎

2(1+𝜈0𝜑𝜈(𝜌(𝑥)))

1

𝐼𝑛2
(
1+𝜈0𝜑𝜈(𝜌(𝑥))

1−𝜈0𝜑𝜈(𝜌(𝑥))
−

𝐼𝑛2

𝐼𝑛0
) − 

−
𝐸∗𝜚∗𝑎𝑚𝑓𝐸(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))
(
𝜌(𝑥)

𝜌∗
− 1 −

𝐼𝑛1

𝐼𝑛2
)   (16) 
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where  

 𝐼𝑛0 =
1

2𝑙
∫

𝑓𝐸(𝜌(𝑥))

1+𝜈∗𝜑𝜈(𝜌(𝑥))
 𝑑𝑥

𝑙

−𝑙
    

 𝐼𝑛1 =
1

2𝑙
∫

𝑓𝐸(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))
(
𝜌(𝑥)

𝜌∗
− 1)  𝑑𝑥

𝑙

−𝑙
  

 𝐼𝑛2 =
1

2𝑙
∫

𝑓𝐸(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))
 𝑑𝑥

𝑙

−𝑙
   

6. EFFECTIVE YOUNG'S MODULUS AND POISSON'S RATIO 

Based on the state equation (6) for the strain tensor we write 

𝑒̂ =
1+𝜈

𝐸
𝜎̂ −

𝜈

𝐸
𝜎𝐼 + 𝑎𝑚(𝜌 − 𝜌∗)𝐼   (17) 

Using the solution (16), for normal components of the strain ten-
sor we obtain 

𝑒𝑥𝑥(𝑥) = −
𝜈∗𝜑𝜈(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))

𝜎𝑎

𝐸∗𝐼𝑛2
+

1+𝜈∗𝜑𝜈(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))
×  

× 𝑎𝑚(𝜌(𝑥) − 𝜌∗) − 2𝜈∗𝑎𝑚
𝜑𝜈(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))

𝐼𝑛1

𝐼𝑛2
   

𝑒𝑦𝑦(𝑥) =
𝜎𝑎

2𝐸∗𝐼𝑛2
(1 +

𝐼𝑛2

𝐼𝑛0
) + 𝑎𝑚𝜌∗

𝐼𝑛1

𝐼𝑛2
    

𝑒𝑧𝑧(𝑥) =
𝜎𝑎

2𝐸∗𝐼𝑛2
(1 −

𝐼𝑛2

𝐼𝑛0
) + 𝑎𝑚𝜌∗

𝐼𝑛1

𝐼𝑛2
  (18) 

This means that the component 𝑒𝑦𝑦
∗  of the strain 𝑒𝑦𝑦 caused 

by external force load is 

𝑒𝑦𝑦
∗ =

𝜎𝑎

2𝐸∗𝐼𝑛2
(1 +

𝐼𝑛2

𝐼𝑛0
)  (19) 

Thus, for the effective Young's modulus 𝐸𝑒𝑓 we can write the 
formula 

𝐸𝑒𝑓 = 2𝐸∗
𝐼𝑛0𝐼𝑛2

𝐼𝑛0+𝐼𝑛2
  (20) 

Poisson's ratio is a measure of the body size change in the 
transverse direction for tensile-compressive stress. Using the ob-

tained solution and the state equation, for the component 𝑒𝑥𝑥
(𝜎𝑎)

 of 

strain 𝑒𝑥𝑥 caused by an external force load, we obtain 

𝑒𝑥𝑥
(𝜎𝑎)

= −
𝜈∗𝜑𝜈(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))

𝜎𝑎

𝐸0𝐼𝑛2
  (21) 

Integrating this expression over the width of the layer, we de-
termine the average deformation 𝑒𝑥𝑥

∗  caused by the force load 

𝑒𝑥𝑥
∗ = −

𝜎𝑎

𝐸∗

𝐼𝑛3

𝐼𝑛2
  (22) 

where 

𝐼𝑛3 =
𝜈∗

2𝑙
∫

𝜑𝜈(𝜌(𝑥))

1−𝜈∗𝜑𝜈(𝜌(𝑥))
 𝑑𝑥

𝑙

−𝑙
   

According to the definition of the Poisson's ratio, using formulas 

(19), (22) for 𝜈𝑒𝑓 we write 

𝜈𝑒𝑓 = 2
𝐼𝑛0𝐼𝑛3

𝐼𝑛0+𝐼𝑛2
  (23) 

The effective elastic moduli 𝐸𝑒𝑓 𝐸∗⁄  and 𝜈𝑒𝑓 𝜈∗⁄  dependence 
on the layer thickness (parameter 𝜉𝑚𝑙) is shown respectively in 
Fig. 7 a) and Fig. 7 b) for 𝜈∗ = 0.33, 𝑘 = 2, 𝜉𝑠 𝜉𝑚⁄ = 0.8; 0.2 
(curves 1,2), 𝜉𝑠𝑑 𝜉𝑚⁄ = 0.08, 𝛽𝐸 = 1, 𝛽𝜈 = 0.5, 𝑎 = 0.5 (solid 
lines), 𝑎 = 1 (dashed lines). The curve 3 corresponds to 𝑎 = 1, 
𝜉𝑠 𝜉𝑚⁄ = 0.2, 𝛽𝐸 = 1, 𝛽𝜈 = 0.5, 𝑘 = 1. As the layer thickness 

increases, the value of effective elastic moduli tends toward 𝐸∗, 𝜈∗. 
This indicates the presence of a size effect. Considering the third 
term in formula (15), which increases the valley zone, may lead to 
a significant change in the value of the effective elastic moduli. This 
effect is more pronounced in films with smaller thickness. Addition-
ally, the analysis of the solution suggests that including this term 
increases the number of characteristic values of size effects. 

a)  

b)  

Fig. 7. Size effect of effective elastic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 

The reduction of the parameter 𝜉𝑠𝑑 corresponds to an increase 
in the valley zone as one can see from Fig. 5c. As the valley zone 

expands, the value of the effective elastic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 de-
creases. This is illustrated by the graphs in Fig. 8 for the following 
parameters: 𝜈∗ = 0.33, 𝜉𝑚𝑙 = 20, 𝑘 = 2, 𝜉𝑠 𝜉𝑚⁄ =
0.2; 0.4; 0.8 (curves 1–3), 𝑎 = 0.5, 𝛽𝐸 = 1, 𝛽𝜈 = 0.5. 

a)  
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b)  

Fig. 8.   Dependence of the effective elastic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 on the 
parameter 𝜉𝑠𝑑 𝜉𝑚⁄  

The graphs in Figure 3 c) indicate that in the region 𝑘 > 1, with 
a decrease in the value of 𝜉𝑠, the thickness of the peak zone in-
creases. An increase in 𝜉𝑠 leads to an increase in the effective elas-

tic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 for films of constant thickness. This is illustrated 

by the graphs in Fig. 9, which show the dependence of 𝐸𝑒𝑓 𝐸∗⁄ , 

𝜈𝑒𝑓 𝜈∗⁄  on the parameter 𝜉𝑠 𝜉𝑚⁄  for 𝜈∗ = 0.33, 𝜉𝑚𝑙 = 20,10 
(red and blue lines), 𝑘 = 2, 𝜉𝑠𝑑 𝜉𝑚⁄ = 0.08, 𝛽𝐸 = 1, 𝛽𝜈 = 0.5, 
𝑎 = 0.5 (solid lines), 𝑎 = 1 (dashed lines). The line 3 corre-
sponds to 𝜉𝑚𝑙 = 10, 𝑎 = 1, 𝜉𝑠 𝜉𝑚⁄ = 0.2, 𝛽𝐸 = 1, 𝛽𝜈 = 0.5, 
𝑘 = 1. 

a)  

b)  

Fig. 9. Dependence of the effective elastic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 on the 
parameter 𝜉𝑠 𝜉𝑚⁄  

 

As the parameter 𝑘 increases, the Young’s modulus and Poi-
son ratio values slightly increase. This is illustrated by the graphs 
in Fig. 10 for 𝜈∗ = 0.33, 𝜉𝑚𝑙 = 10, 15, 20 (curves 1–3), 
𝜉𝑠𝑑 𝜉𝑚⁄ = 0.08, 𝛽𝜈 = 0.5, 𝛽𝐸 = 1, 𝑎 = 0.5. 

a)  

b)  

Fig. 10. Dependence of the effective elastic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 on the 
parameter 𝑘 

The dependence of moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 on the parameters 𝛽𝐸  and 
𝛽𝜈  is shown respectively on Fig. 11 and Fig. 12 for 𝜈∗ = 0.33, 
𝜉𝑚𝑙 = 20,10 (curves 1,2), 𝑘 = 2, 𝜉𝑠 𝜉𝑚⁄ = 0.3, 𝜉𝑠𝑑 𝜉𝑚⁄ =
0.08, 𝑎 = 0.5 (solid lines), 𝑎 = 1 (dashed lines). The curve 3 cor-
responds 𝜉𝑚𝑙 = 10, 𝑘 = 1. On Fig. 11 𝛽𝜈 = 0.5 and on Fig. 12 

𝛽𝐸 = 1. We note the practically linear dependence of 𝜈𝑒𝑓 on 𝛽𝜈 , 

as well as the weak dependence of 𝐸𝑒𝑓 on 𝛽𝜈  and 𝜈𝑒𝑓 on 𝛽𝐸 . 

a)  
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b)  

Fig. 11. Dependence of the effective elastic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 on the 
parameter 𝛽𝐸 

a)  

b)  

Fig. 12. Dependence of the effective elastic moduli 𝐸𝑒𝑓, 𝜈𝑒𝑓 on the 
parameter 𝛽𝜈 

7. CONCLUSION 

The Abbott-Firestone curve (bearing ratio curve) is widely used 
in engineering practice to describe the surface texture of solid bod-
ies. Therefore, solid mechanics models that account for surface 
roughness should accurately capture the characteristics of this 
curve. Models that incorporate the characteristics of the material 
curve include those developed within the locally gradient approach 
in thermomechanics. One of the equations in these models is the 
equation for mass density. In a locally inhomogeneous elastic body, 
the mass density equation takes the form of an inhomogeneous 
Helmholtz equation. When considering the roughness of the real 
surface of the body, the inhomogeneous term of this equation, the 

so-called mass sources, is selected so that the distribution of mass 
density reflects the distribution and regularities of the material 
curve. Numerical results indicate that adjusting mass source pa-
rameters allows for effective control over the mass density distribu-
tion near a nominally flat surface, as well as the sizes of the core, 
peak, and valley zones. Thus, by appropriately selecting mass 
source parameters, the profile of a real rough surface can be accu-
rately simulated. 

The effective elastic moduli, experimentally measured for thin 
films, reflect the properties of a real rough surface. They exhibit a 
size effect, meaning their value increases monotonically with film 
thickness, approaching the values of a medium made of identical 
material. The characteristic scales of these size effects depend on 
the material's structural heterogeneity and the sizes of the core 
zone, zones of peaks and valleys in the roughness profile. For thin 

films, the values of the effective Young's modulus 𝐸𝑒𝑓 and Pois-

son's ratio 𝜈𝑒𝑓 significantly depend on the parameters of the mass 
sources. Any alteration in the latter, specifically, a change in the 
rough surface characteristics, necessitates a refinement of the ef-

fective moduli values. We note that 𝜈𝑒𝑓 exhibits a weak depend-

ence on 𝛽𝐸 , while 𝐸𝑒𝑓 shows a weak dependence on βν —param-
eters that characterize how the local Young's modulus and local 
Poisson's ratio vary with density, respectively. 

Further research is needed to evaluate the approximations 
used in describing the material ratio curve, particularly the implica-
tions of neglecting the peak zone. This issue is closely related to 
the choice of body surface location in continuum mechanics mod-
els. 
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