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Abstract: This paper investigates the dynamic response of functionally graded piezoelectric plates using the finite element method based
on first-order shear deformation theory. The plates are composed of materials with properties that vary across their thickness, following
a simple power-law relationship with the volume fraction of the constituents. Different boundary conditions and configurations, such
as FG plates with piezoelectric layers and FGP plates with piezoelectric layers, are considered to analyze the dynamic behavior of functionally
graded piezoelectric material (FGPM) plates under mechanical and electrical loadings. Comparisons with previous studies validate
the accuracy of the obtained results. Furthermore, the effects of various parameters, such as the power-law index, maximum displacement
from static analysis, maximum displacement in the first vibration mode, and others, on the dynamic response of FGM and F GPM plates with
piezoelectric layers are investigated. The results demonstrate the influence of different power-law exponents and piezoelectric layers
on plate behavior. The findings show that the maximum static and dynamic deflections of the plate vary with the power-law index, but their
ratio remains constant for all values of "n". Additionally, the effect of electrical loading on the dynamic response of FGP plates is examined.
The study reveals that the maximum dynamic displacement of the plates increases with the power-law constant under electrical loading.
Overall, this study provides valuable insights into the dynamic response of functionally graded piezoelectric plates, contributing to the
understanding and design of such structures in various engineering applications subjected to dynamic loading.
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1. INTRODUCTION

Functionally graded piezoelectric materials (FGPMs) represent
a modern class of piezoelectric composites in which the elec-
tro-elastic characteristics vary continuously along the thickness di-
rection. Numerous studies have focused on the mechanical and vi-
brational responses of both piezoelectric and functionally graded
structural elements. For instance, Liew et al. [1] developed a fi-
nite-element framework for piezo-thermoelastic analysis of func-
tionally graded plates equipped with embedded piezoelectric sen-
sor and actuator layers. Their work examined bending and torsional
vibration control of FG plates exposed to thermal gradients by em-
ploying self-sensing actuators. Zhao et al. [2] explored the free vi-
bration behavior of functionally graded plates using the ele-
ment-free kp-Ritz technique, demonstrating that the volume-frac-
tion exponent plays a crucial role in determining natural frequen-
cies. Behjat and Khoshravan [3] investigated nonlinear static bend-
ing and free vibration responses of FGPM plates, concluding that
for all values of the volume-fraction index "n", the deflection of the
plate increases noticeably under mechanical loading. Farsangi and
Saidi [4] provided an exact analytical formulation for the vibration of
rectangular FG plates with surface-bonded piezoelectric layers,
showing that increasing the thickness-to-length ratio enhances the
natural frequencies across mechanical and electrical boundary
conditions. Komijani et al. [5] reported that the mechanical behavior

of unsymmetrical piezoelectric beams differs fundamentally from
that of symmetrical configurations. Lezgy et al. [6] introduced a con-
forming three-noded beam element capable of predicting the static,
modal, and transient responses of FGM beams. Sharma and Ku-
mar [7] examined the flexural vibration characteristics of short-cir-
cuited FGPM annular plates subjected to shear-induced excitation,
and their analytical formulation showed strong agreement with nu-
merical results obtained from COMSOL simulations. Their study in-
dicated that the natural frequencies rise as the thickness-to-diame-
ter ratio increases, and also grow with the volume-fraction index up
to a value of 5. Selim et al. [8] proposed an efficient methodology
combining Reddy's higher-order shear deformation theory (HSDT)
with the element-free IMLS-Ritz scheme to analyze free vibration
and active vibration suppression of FGPM plates incorporating pie-
zoelectric layers. Their findings revealed that plates with open-cir-
cuit piezoelectric layers consistently exhibit higher natural frequen-
cies than those with closed-circuit electrical conditions due to elec-
tromechanical coupling effects. Nourmohammadi and Behjat [9] ex-
plored the bending response of FGPM plates under mechanical,
electrical, and thermal loading using the first-order shear defor-
mation theory (FSDT), showing that the relationship between de-
flection and the volume-fraction index varies depending on the type
of applied load. Mikaeeli and Behjat [10] introduced a three-dimen-
sional Element-Free Galerkin (EFG) formulation to study the static
behavior of thick FGPM rectangular plates with arbitrary gradation
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profiles, applying it to model multi-field piezoelectric and non-ho-
mogeneous problems. Lezgy et al. [11] investigated the use of
FGPMs in passive vibration damping of laminated composite
beams, demonstrating that the R-L shunt circuit provides the most
effective damping performance regardless of the material gradient.
Nguyen-Quang et al. [12] extended the CS-DSG3 technique em-
ploying three-node triangular elements to perform static analysis,
free vibration assessment, and dynamic control of FGM plates in-
tegrated with piezoelectric sensors and actuators. Their results
confirmed that the CS-DSG3 approach relies solely on simple
three-node linear triangular elements, making it highly suitable for
automatic mesh generation in complex geometrical domains. Ru-
occo and Mallardo [13] formulated a new finite strip model com-
bined with the Kantorovich method to study the buckling and vibra-
tional behavior of imperfect nanoplates. Thang et al. [14] explored
the bending and buckling responses of bidirectional functionally
graded composite nanobeams, whereas Tang and Dai [15] exam-
ined the stability behavior of laminated piezoelectric cylindrical
shells subjected to various environmental influences. Fan et al.
[16]-[19] employed the isogeometric analysis framework to model
microscale plates of different geometries incorporating FG porosity
and size-dependent characteristics. Rahimi et al. [20] provided an-
alytical predictions for the free vibration and bending performance
of FGP-GPLRC cylindrical shells, while Ton-That et al. [21] as-
sessed the bending, vibrational, and buckling behavior of
FGP-GPLRC plates. Wang and Liu [22] introduced piezoelectric
composite materials (PCMs) consisting of a substrate combined
with piezoelectric layers to illustrate the active elastic behavior of
composite systems, showing that their elastic properties are influ-
enced by geometry, constituent materials, and applied voltage.
Tran et al. [23] studied the free vibration characteristics of piezoe-
lectric FGP-GPLRC plates under different boundary conditions,
demonstrating that incorporating a lightweight metal-foam core to-
gether with graphene platelets enhances stiffness and provides an
efficient configuration for sandwich plates. Alshenawy et al. [24] for-
mulated a three-dimensional strain-gradient shell model to analyze
the micro-scale-dependent nonlinear stability of FG piezoelectric
micro-shells under thermo-electromechanical loading, revealing
that the inclusion of microstructural strain-gradient tensors in-
creases the critical mechanical and electrical loads associated with
buckling. Bastami and Behjat [25] investigated the buckling and
free vibration behavior of piezoelectric nanoplates resting on an
elastic foundation using Kirchhoff plate theory, concluding that both
the critical buckling load and the natural frequency decrease as the
nonlocal parameter increases. Kumar et al. [26] examine the stress
response, deformation characteristics, and vibrational performance
of porous functionally graded piezoelectric tapered plates subjected
to thermoelectric and mechanical loads by employing advanced fi-
nite element. Their findings are offering guidance for the develop-
ment of smart structural components and biomedical sensing de-
vices. In another study, the authors conduct a free vibration inves-
tigation of porous functionally graded plates using three-dimen-
sional degenerated shell elements formulated on Reissner-Mindlin
theory, achieving lower computational cost while still accurately
representing the variation of material properties through the thick-
ness [27]. Kumar and Harsha [28] propose a higher-order finite el-
ement formulation based on first-order shear deformation theory to
evaluate the hygrothermal static behavior of nanoscale, multidirec-
tional nanofunctionally graded piezoelectric (NFGP) plates sup-
ported by spatially varying elastic foundations. In a related work,
the bending response, deflection pattern, and vibrational character-
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istics of porous multidirectional functionally graded circular piezoe-
lectric plates resting on variable elastic foundations under
thermo-electro-mechanical loading are analyzed. The study reveals
that the porosity level has a pronounced effect on static deflection,
radial stress distribution, and the natural frequencies [29]. Kumar et
al. [30] explore the buckling performance of porous PZT-4/PZT-5H
smart graded plates supported by Winkler—Pasternak foundations
when exposed to combined thermomechanical and thermoelectric
loadings. Another investigation addresses the static and dynamic
responses of exponential functionally graded piezoelectric materi-
als under thermo-electro-mechanical effects using first-order shear
deformation theory (FSDT) and Hamilton’s principle [31]. The non-
linear vibration characteristics of porous multidirectional piezoelec-
tric functionally graded nonuniform plates placed on orthotropic var-
iable elastic foundations and subjected to hygrothermal environ-
ments are studied by Kumar et al. [32]. Free vibration analyses of
porous functionally graded material (FGM) sandwich plates in ther-
mal fields are also performed [33]. Two configurations—sandwich
plates with FGM face sheets and homogeneous cores, and those
with homogeneous face sheets and FGM cores—are considered,
incorporating nonlinear temperature variation across the thickness
for the vibration assessment. Harsha et al. [34] examine the ther-
moelectric vibration and buckling characteristics of a bidirectional
functionally graded piezoelectric porous plate supported by an elas-
tic foundation and subjected to general boundary conditions. Their
work analyzes the dynamic behavior of functionally graded piezoe-
lectric plates through a finite element framework and proposes an
innovative multilayer configuration. The study evaluates the struc-
tural response under combined mechanical and electrical loading
scenarios while considering variations in boundary constraints. Par-
ticular attention is given to how geometric configuration, gradation
profiles, and power-law indices influence system performance. The
accuracy of the formulation is demonstrated through comparison
with previously published results. The findings highlight the signifi-
cant impact of material distribution, plate thickness, and aspect ra-
tio on the dynamic response, offering valuable guidance for the de-
sign of structures used in aerospace systems, vibration mitigation,
and energy-harvesting technologies.

Novelty statement: This research develops a new multilayer
model for functionally graded piezoelectric plates and explores their
dynamic behavior under simultaneous mechanical and electrical
excitations. By assessing the influence of structural configuration,
boundary conditions, multiple piezoelectric layers, and power-law
gradation parameters, the study provides fresh insights that can en-
hance the design and optimization of FGPM-based components for
advanced engineering applications.

2. METHODS

2.1. Functionally graded piezoelectric plates

A variety of models have been presented in order to simulate
the material distribution throughout the thickness of the plate. How-
ever, power law distribution is commonly used to simulate the ma-
terial properties distribution. For FGM structures made of two dif-
ferent materials, material "a" in the top surface and material "b" in
the bottom surface of the plate, the effective properties of the FGPM
profile in the thickness direction of the plate can be written as [9]

Pesp(2) = FVo(2) + Py (1 = Vo (2)) (2.1)
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where "Peff" is the effective material property of the FGPM plate,
"Pa" is the upper surface property of the FGPM plate, "Pb" is the
lower surface property of the FGPM plate, and "Va" is the volume
fraction of the functionally graded piezoelectric upper material. Fi-
nally, the material properties can be expressed as:

Per = Py + (Pa) (+3) (22)
where "z" shows the distance from the neutral axis of the plate and
“h” represents the plate thickness. In this article, all of the material
properties differ throughout the thickness by following the simple
power law distribution (2.2) excluding Possion's ratio. The simple
power-law model is widely adopted in functionally graded materials
due to its mathematical simplicity and ease of implementation in
finite element formulations. It offers flexibility by adjusting the expo-
nent to represent different gradation profiles and ensures computa-
tional efficiency, making it a standard choice for analysis and com-
parison in FGM research.

2.2 Theoretical formulations

2.2.1. Displacements and Strain Relations

According to the FSDT, the displacement field in the plate can
be expressed as [35]:

u(x,y,Z' t) = uo(x'y' t) + Z¢x(x:% t)
V(x,y,Z,t) =V0(x'y't)+z¢y(x!y!t) (31)

w(x,y,z,t) = wy(x,y,t)

where the variables u, v, and w denote displacements along the x,
y, and z axes, respectively. Also, u0, v0, and w0 denote the dis-
placements of a point in the mid-plane, and ¢, and ¢,, are the
rotations of a transverse normal about the x-axis and y-axis, re-
spectively. And strain field can be written as;

6u0+ 0,
Gy =—"+2z
* ox ox
— o, 9%
g = ay+Zay (3.2)
= (240 4 o 99x 4 Oy
yxy—(0y+ax)+z(i)y+i)x)
ow ow
szza_xo'i_(px: yyzza_yo-l'(py , &=0

Note that the strains ¢,.,&,, and y,,, are varied linearly along
the thickness while transverse shear strains y,,, and y,, are con-
stant along the thickness. Equation (3.3) can be written as:
e=¢&l+zk) i=126
&) = & j=45 (3.3)

where Pand e2;are in-plane and shear strains, respectively, and

kis the mid-surface curvature. The electric field is defined as the
following equation:
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—0d¢p/0x

E= {—8(,0/831} =R, (3.4)
—0d¢p/0z

where R, is the electric field operator. In this article, it is assumed

that the electric field has a constant value along the thickness [36].

2.2.2. Constitutive equations of piezoelectric material

Based on the linear theory of piezoelectricity, the constitutive
equation for piezoelectric plate can be written as [22]:

— rE
0ij = C% ik — €ijiEx

Dl = eljfj + ElkEk (35)

where, g;;and &, are the stress and strain tensors respectively,
Clixis the elasticity matrix, e; ;. is the piezoelectric coefficient ten-
sor, E;, is the electrical field vector D, is the electrical displacement
vector, & is the electrical permittivity.

2.2.3. Final equations of motion

The equations of motion for the plate are obtained by applying
the extended Hamilton’s principle [37]:

B fff(z(r —H)—W)dt=0 (3.6)

Where 6 is the variational symbol, and T is the kinetic energy
and H is the electromechanical energy of each layer in the sand-
wich, and W is the work done by externally applied loads, both me-
chanical and electrical. It should be noted that dissipative terms are
included in the electromechanical energy of the core (Hv) via the
complex modulus approach. The kinetic and electromechanical en-
ergies are defined as:

1
T = —fpuTudn
2 n

H= % J,(eTo—ETD)dn (3.7)

where 2 represents the volume domain of the layer, p is mass per
unit volume of the material, o,&, E and D are the stress, strain,
electric field and electric displacement vectors, respectively, and @
is the time derivative of the displacement field vector u =
{u,v,wil.

By integrating in thickness direction, and replacing the strain
field and assuming that (Ex, E, = 0), (3.7) can be written as:

G.XX (Sgoxx + Z§€1XX)
\ +crxx(6£°yy + zﬁelyy)
S6H = fs fé +T,y (8%, +28e%,,) |+
’ +7,,(6€%,)
+Tyz(§£°yz)

(=D,6E,)|dz |dxdy (3.8)
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By combining (3.5) and (3.8) the final Equation of electrome-
chanical energy can be written as follow:

SH =
[550TA50 + 8% Bel + 5V Be® + 6£1TD£1] +
[, | 650 Ace0 + [650T0EZ° + 5EZOT0£]
+[6'"FE,* + E,°Ft] + [6EZ°TREZ°]

dxdy (3.9)

Here O is the coupled tensile stiffness matrix, F demonstrate
the coupled tensile-bending stiffness matrix and R is the dielectric
tensile stiffness matrix that can be defined as follow:

0ij = Xi=1€ij (Zrs1 — 2)
Fij = 501 8 (2251 — 220 (3.10)

Rij = Z‘I’clzl Ei}' (Zk+1 - Zk)

The tensors in (3.10) are defined as:

g0 &t e 0 0
go = Syo ) 51 = Eyl , ESO = { yzo}‘ E° =10
0 1 Exz EZO

Kinetic energy in (3.7) using integral by part finally can be writ-
ten as:

T
fttlz psuTudt = [p6uTzl]Z - fttlzp SuTiidt (3.11)
2.2.4. Finite element model

Using (3.2) the strain relation can be written as:
[e] = [BI{u} = [Lp{u} + z[Lp[{u} + [Ls{u} (3.12)

where, [Lm], [Lb], [Ls] are strain operators based on the displace-
ments-strain relations and can be defined as follows:

3/dx 0 00 0
Lm=[o d/dy 000]
a/dy 8/dx 0 0 0
000 a8/dx O
L,,:[o 00 0 6/6y]
00 0 a/dy a/ox

00 8/dx 1 0]
00 9/dy 0 1

(3.13)

L=

In (3.6) the work done by external mechanical force and applied
electric charge are defined as [38]:

Sw=[ 6u' FodQ+ [ 6u’ FedS + SuTFp — [ 8ppd — 59Q
(3.14)

where F,,, Fs,Fp are the body force, surface traction and concen-
trated force respectively.

The last integration refers to applied electrical charge. By com-
bining (3.9), (3.11) and (3.6) and assume that only concentrated
force be applied on the plate. (3.15) can be written in matrix form
as follow:
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" © ©
[Muu(E) 0] [If](e)Jr Ku:) Kw(e)
e e

01l Kp@ Koy

: L7 =15 @

Where submatrices M, u and ¢ are the mass element, mechan-
ical degree of freedom and electrical potential degree of freedom
respectively. K, Ky,and K, indicate the elastic, piezoelectric,
and permittivity stiffness matrices, Fu is the applied external force
tensor.

The above matrices defined as follow:

B,,TAB, +B."BB, + B," BB
il = [ (S B’ B0+ BB ) 4
o \B, DB, + BsT AgBs

[Kug) = | (BaT0B, +8,7FB,) do
n

[Kpul = J,(By" OBy + B, FBy) df2 (3.16)

[Kppl = f (B,"RB,) dn
n
B, = NuTFP
T
[Myy] = f_q N, mN, d

Where the m matrix defined as [39]:

I, 0 0 L 0
0o I, 0 0 I
m=|0 0 I, 0 0 (3.17)
L 0 01, 0
0o L 0 0 I
And | can be defined as:
Uo I 1) = {07, p(2)(1,2,2%)dz (3.18)

Here p is the density.

2.2.5. Newmark method

In this article, the Newmark method is used to solve the final
time dependent equation of motion. In this method, the acceleration
is assumed to vary in a specific manner over each time step. The
finite difference relationships for the Newmark-§ method are [40]:

Ujyy = Uy + [(1 = Y)AL]E; + (YA iy, (3.19)

Upyr = u; + (4D +[(0.5 — B) (A1) ?]il;
+[B(At)* ity (3.20)

where u;,,,u;, U;, U441, 4; and ii;,, are demonstrate the dis-
placement at time step “i", displacement at time step “i+1”, velocity
at time step ‘1", velocity at time step “i+1”, Acceleration at time step
‘i” and Acceleration at time step “i+1”, respectively. The parameters
B and y define the variation of acceleration over a time step and
determine the stability and accuracy characteristics of the method.
Typical selection for y and f are y= 0.5, and 1/6 < B < 1/4 and here

At defined as:

Ati = ti+1 - ti (321)
For linear systems, it is possible to modify Newmark's original

formulations in matrix form as:

mil; g + Cljyq + KUy =Py (3.22)
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3. RESULTS AND DISCUSSION

3.1. Comparison studies

To support the findings of this study, two examples were used
to compare the data with results from previous studies by Selim et
al. [8] and Nguyen-Quang et al. [12].

Example 1 focuses on the dynamic response of a plate without
the damping effect. The plate analyzed is a CFFF functionally
graded material (FGM) plate composed of Aluminum Oxide and Ti—
6AI-4V materials at room temperature (300 K), as described by
Selim et al. [8]. Two G1195N piezoelectric layers are bonded to the
top and bottom surfaces of the FGM plate. In this configuration, the
actuator is located on the top surface, while the sensor is placed on
the opposite bottom side. This configuration is shown in Fig. 1-a.
Also Fig. 1-b describes the functionally graded piezoelectric plate
that has other piezoelectric layers in top and bottom as sensor and
actuator layers. The second configuration will be addressed in the
next example. The plate has dimensions of 0.3 min both length and
width, with a thickness of 5 mm. Each piezoelectric layer has a
thickness of 0.1 mm. The material properties are provided in Tables
1and 2.

Initially, the plate is subjected to a uniformly distributed load of
g=100 N/m? in the downward vertical direction. Subsequently, the
load is removed, resulting in motion generated from the initial dis-
placements. The tip deflection response of the plate is calculated
with a time step of 0.001 s, and the system is solved using a state-
space model. Figures 2 and 3 demonstrate a satisfactory agree-
ment between the results obtained in this study and those reported
by Selim et al. [8].

Piezoelectric Layer Piezoelectric Layer

FGM Plate FGPM Plate

Piezoelectric Layer PiezoelectricLayer

(a) (b)
Fig. 1. a) FGM plate with Piezoelectric Layers b) FGPM plate with
Piezoelectric Layer

Tab. 1. Material properties of G-1195N and PZT-4 [41]
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x10

Tip deflection (m)
=

'
=
n

hu T RARIRSL

Fig. 2. The tip deflection of the plate presented by Selim et al. [8]

1,00E-04
—~
g
= 5,00E-05
=
.S 0,00E+00 |
N
5
= -5,00E-05
O
A -1,00E-04

QO NV & I LIPN RN
09 O Q'\’ Qv 0’3’ Qv Q?’ N} Q?‘ Qv
Time (s)

Material G-1195N PZT-4
533(F/m) 15e~° 1.15¢78
e3z(m/V) 254¢~12 —1.22¢710
ez (m/V) 254712 —1.22e710
o9/ ) 7600 7600

Y 0.3 0.33
E;,(GPa) 63 81.3
E141(GPa) 63 81.3

Tab. 2. Material properties of Aluminum Oxide and Ti-6AI-4V [41]

Material Young's Poisson’s Density
moduli (GP) ratios (Kg / 4
m3
Ti-6Al-4V 105.7 0.29 4429
Aluminum 320.2 0.26 3750
oxide
Aluminum 70 0.3 2707

Fig. 3. The tip deflection of plate in present study

Example 2 In this case, the dynamic response is compared with
the results presented by Nguyen-Quang et al [12]. They considered
the damping effect and modified (3.15) as follows:

[ o]+ 1S ol
o] 7[5 @)

In equation (4.1) the symbols M, C, K and F represent the mass
matrix, structural damping matrix, stiffness matrix, and external
force, respectively. Since the structural damping value is not avail-
able, its magnitude is estimated using the Rayleigh-Ritz method,
which defines the stiffness matrix as:

C=aM+ 'Ky, (4.2)

The values of Mand K have been defined earlier, & and g’ are
the Rayleigh ratios, which are calculated as [35]:

(e) (e)
Kou Koy

B = K101-Zmtm

wi-w,
a=20w — [’)"U12 (4.3)

where w; and w,, are the minimum and maximum value of natu-
ral frequency and ¢; and {,,, are the damping ratio for w, and
Wy, respectively.

The FGPM plate with simply supported boundary conditions
which is studied here consists of two materials surrounded by a pi-
ezoelectric layer Fig.1.(b). The plate is square-shaped, with each
side measuring 200 millimeters. The thickness of the intermediate
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composite plate is one millimeter, and the thickness of the piezoe-
lectric layer is 0.1 millimeters. The value of the power law constant,
n, is assumed to be 2. Additionally, a distributed load q =

100 N /m2 is applied to the plate with the application of the load

being sudden in nature. The dynamic response of the plate is ob-
tained using the Newmark method with values of y and 8 equal to
0.5 and 0.25, respectively. Moreover, the value of At is considered
to be 0.0005. Fig.4 and Fig.5 in this paper compare the dynamic
responses of the targeted plate with piezoelectric layers to the ref-
erences [12]. As shown in this figure, the results obtained from this
research exhibit good agreement with the reference results Ngu-
yen-Quang [12].

-5
5 »x10 .

Without control Gv=0
Control gain Gv=2e-4

2|

Deflection w (m)
! o

R 5N

3 1 L L L L L L 1 L
0 0.05 0.1 015 0.2 0.25 03 035 04 0.45 0.5
Time (s}

Fig. 4. Dynamic response of FGPM plate presented by Nguyen-Quang et
al [12]. Figure in colour only on the web site of the journal

Deflection(m)

Time(s)

Fig. 5. Dynamic response of FGPM plate present study. Figure in colour
only on the web site of the journal

3.2. Dynamic Response Analysis

In this section, the dynamic response of the FGPM plate is in-
vestigated. For this purpose five variables are introduced and ex-
amined based on dynamic behavior of plate as following:

“n” is the power law index, Ass is the maximum displacement
of the plate obtained from static analysis, Asd is the maximum dis-
placement of the plate in the first vibration mode, Asd/ Ass is the
ratio of the maximum displacement in the first vibration mode to the
maximum displacement from static analysis, At10% is the time
taken for the maximum dynamic displacement of the plate to reach
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10% of the maximum displacement in the first vibration cycle. The
aforementioned variables have been investigated for all introduced
types of layer-wise FGPM plates.

3.2.1. The dynamic response of the Functionally Graded
Piezoelectric plate for different parameters under
mechanical loading

In this section, we first obtain the dynamic response for different
power law constants and clamped boundary conditions. Through-
out the problems investigated in this section of the paper, the val-
ues of y and 3 are assumed to be 0.5 and 0.25, respectively. The
applied force on the plate is denoted as g = 100 N /m2 and time

increment is taken At = 0.0001.

The force is suddenly applied. The time interval for problem
solving is considered from t = Os to t = 0.1s. In this particular prob-
lem, the dimensions of the square plate are 0.4 meters, and its
thickness is 0.02 meters. The composite plate is composed of a
combination of two piezoelectric materials. The properties related
to these materials are provided in Table (1). As evident from Fig.6,
the maximum dynamic displacement increases with an increase in
the power law constant. In this problem, PZT-4 is located at the top
and G-1195N is located at the bottom of the FGPM plate. Due to
the higher Young's modulus of PZT-4 and considering equations
(1) and (2), the Young's modulus of the equivalent plate decreases
with an increase in the power law constant (n). As a result, the Ass.
Asd and At10% are increased. Table 3 shows the results of the
dynamic response parameters for clamped boundary conditions.

1/40E-05

—1) = () — = (.5 n=4

‘i ’ ’WW R

‘|
2/00E-06 L

1/20E-05

1/00E-05

8/00E-0¢

Deflection(m)

6/ 00E-0¢

4/00E-06

0/00E+00
0 0/005 0/01 0/015 0/02 0/025 0703 0/035 0/04 0/045 0/05 0/055 0/06
Time(s)

Fig. 6. The dynamic response of the Functionally Graded Plate for
different power constants and two Clamped Boundary Condition.
Figure in colour only on the web site of the journal

3.2.2. The dynamic response of the Functionally Graded
plate with piezoelectric layers under mechanical
loading

In this part of the dynamic response, the Functionally Graded
Plate (FGP) with piezoelectric layers is investigated. This plate con-
sists of a combination of two materials, with Aluminum Oxide on the
top and Aluminum on the bottom of the FGP. Additionally, two lay-
ers of piezoelectric material are placed on the top and bottom of the
plate. The properties of these materials are listed in Tables (1) and
(2), respectively. The square plate has dimensions of 0.4 meters
and a thickness of 0.02 meters. Furthermore, the thickness of the
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piezoelectric layer is 2 millimeters. Fig.7 illustrates the dynamic re-
sponse of the mentioned plate for clamped boundary conditions.
Based on the figure, it can be observed that with an increase in the
power law exponent and consequently a decrease in the plate stiff-
ness, the maximum dynamic displacement of the plate increases.
Tables (3) presents the dynamic response variables of the Func-
tionally Graded Plate with piezoelectric layers under the clamped
boundary conditions for different power law exponents.

Fig. 7. The dynamic response of the Functionally Graded Plate with
piezoelectric layers for different power constants and Clamped
Boundary Condition. Figure in colour only on the web site of the
journal

Tab. 3. Dynamic response variables of the Functionally Graded Plate
with piezoelectric layers under the clamped boundary condition

acta mechanica et automatica, vol. 20 no.2 (2026)

-2/50E-07 ¢ 07005 0/01 07015 0702

—_
O
Nt

Deflection{m)

Time(s)

0 0/005 0701 0/015 0/02

Time(s)

0/00E+00
0 07005 0/01 0/015 0/02
Time(s)

(c)

n=4 n=05 n=0 n
2.3008e-6 1.4403e-6 1.0053e-6 Ass
4.5423e-6 2.8427e-6 1.9838e-6 Asg

1.9742 1.9736 1.9733 Asd/ Ass
0.0080 0.0067 0.0053 At1o%

3.2.3. The dynamic response of the Functionally Graded
Piezoelectric plate with PZT-4 and G-1195-N
piezoelectric layers

First, the dynamic response associated with the Functionally
Graded Piezoelectric Plate with two piezoelectric layers, PZT-4 and
G-1195N are obtained. The properties of these materials are pro-
vided in Table (1). The plate is square-shaped, with each side
measuring 20 centimeters. The thickness of the Functionally
Graded Plate is 10 millimeters, and the thickness of each piezoe-
lectric layer is 0.5 millimeters. Fig.8 illustrates the dynamic re-
sponses of different configurations of piezoelectric layer placement
for n = 0.5. According to this figure, the maximum value of dynamic
displacement corresponds to the configuration where the piezoe-
lectric layer (G-1195N) is placed both on the top and bottom of the
Functionally Graded Piezoelectric Plate. Conversely, the minimum
value of dynamic displacement is observed when the piezoelectric
layer (PZT-4) is positioned on the top and bottom of the Function-
ally Graded Piezoelectric Plate. Additionally, Table (4) provides the
dynamic response variables for four different layering configura-
tions of the piezoelectric layer.

Deflection{m)

5/00E-(

(d)
Fig. 8.

Tab. 4.

00E+D0

0
)
)
W]
06
D
)
)
)

Time(s

Dynamic response of the functionally graded piezoelectric plate
with piezoelectric layers in different configurations under the
clamped boundary condition for n = 0.5: (a) G-1195N layers on
top and bottom, (b) PZT-4 layers on top and bottom,

(c) G-1195N layer on top and PZT-4 layer at the bottom,

(d) PZT-4 layer on top and G-1195N layer at the bottom

Dynamic response variables of the functionally graded
piezoelectric plate with piezoelectric layers for the clamped
boundary condition

G1195N-
PZT

PZT-
G1195N

G1195N-
G1195N

PZT-PZT

2.2776e-6

2.2692¢-6

2.3326e-6

2.2159%-6

Ass

4.4053e-6

4.3842e-6

4.5434¢e-6

4.2804e-6

Asy

1.9341

1.9320

1.9477

1.9316

Asq/ Ass

0.0153

0.0153

0.0149

0.0160

At1o
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3.2.4. The dynamic response of the Functionally Graded
Piezoelectric plate with Variable Thickness
piezoelectric Layers

In this section, the dynamic response of the functionally graded
piezoelectric plate with piezoelectric layers on the top and bottom
of the plate, considering the variable thickness of the piezoelectric
layer is studied. Similar to the previous section, the functionally
graded piezoelectric plate is composed of a combination of PZT-4
and G-1195N materials with two layers on the top and bottom. The
boundary condition is simply supported, and the value of the power
constant is 0.5. The plate is square-shaped with each side meas-
uring 0.2m and the middle functionally graded plate has a thickness
of 0.1m.

Tab. 5. Dynamic response variables of functionally graded piezoelectric
plate with layers of piezoelectric material having variable layer
thickness for a simply supported boundary condition

4 2 1 h_p(mm)
2.1566e-6 4.2273e-6 6.1677e-6 Ass
4.1633¢e-6 8.1569e-6 1.1934e-6 Asq

1.9305 1.9295 1.9349 Asd/ Ass
0.0183 0.0185 0.0188 Atros

Time(s)

0/005 0701 0/015 0/02 0/025 0/03

Time(s

Fig. 9. Dynamic responses of FGPM with piezoelectric layers under
simply supported boundary condition and constant power law
n=0.5 with variable piezoelectric layer thickness: (a) hp=1mm,
(b) hp=2mm, (c) hp=4mm

From Fig. 9, it can be observed that with an increase in the
thickness of the piezoelectric layer, the maximum displacement of
the plate decreases. This is due to the overall increase in plate
thickness, resulting in a stiffer plate.
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Furthermore, with an increase in the thickness of the piezoelec-
tric layer, the matrix K becomes larger, and according to equation
(26), the matrix C increases. As a result, the plate exhibits faster
damping, as depicted in Fig.9. Table (5) presents the dynamic re-
sponse variables for the aforementioned plate.

3.3. The dynamic response of the Functionally Graded plate
with piezoelectric layers under Electrical loading

The plate consists of a combination of Ti-Al-4V and Aluminum
Oxide. A schematic representation of this plate is shown in Fig. 10.
The plate has G-1195N (piezoelectric material) layers on both the
top and bottom surfaces. The properties of these materials are pro-
vided in Tables 1 and 2. The plate is square-shaped, with each side
measuring 400 millimeters. The thickness of the intermediate layer
is 5 millimeters, and each piezoelectric layer has a thickness of 0.1
millimeters. One end of the plate is clamped, and an electrical load
of 10 volts is applied. In this analysis, both piezoelectric layers are
considered as actuators, with the applied voltage having opposite
signs in the direction of the piezoelectric layer thickness.

As depicted in Fig.11, the dynamic displacement of the plate
decreases with an increase in the maximum power law exponent,
indicating the stiffening of the plate for this increment. Moreover, an
increase in the power law exponent results in faster damping of the
plate's vibrations. Table (6) illustrates the dynamic response varia-
bles of the aforementioned plate at different power law exponents.
In this analysis, the value of At is set to 0.0005, and the problem is
solved for t ranging from 0 to 0.5.

G-1195N
z

a =400 mm

a =400 mm

Ti-Al-4V/Aluminum Oxide
v / \

G-1195N

Fig. 10. Schematic of the functionally graded plate with piezoelectric layers

PN [—— N=5 em—] =
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1/00E-04

8/00E-05

6/00E-05

1/00E-05

Centerline deflection (m)

2/00E-05

0/00E+00

Time (s)

Fig. 11. Dynamic response of the functionally graded plate with
piezoelectric layers under an electrical load of 10 volts. Figure in
colour only on the web site of the journal
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Tab. 6. Dynamic response variables of the functionally graded plate with
piezoelectric layers under an electrical load with clamped
boundary condition

n=co n=5 n=0.5 n=0 n
2.1223¢75 | 2.8619¢~5 | 3.9718e~5 | 6.2351e~5 Ass
4.0707e~5 | 5.4801e~5 | 7.5992¢ 5 1.1937¢ 4 Asq

1.9180 1.9148 1.9132 1.9144 Asd/ Ass

0.238 0.269 0.3145 0.438 At1o%

4. CONCLUSIONS

In this study, the dynamic response of functionally graded pie-
zoelectric plates was investigated using the finite element method
based on the first-order shear deformation theory. Through com-
prehensive analyses of various parameters and boundary condi-
tions, several important conclusions were drawn.

By increasing the power law index in both FG and FGP plates

with piezoelectric layers under mechanical loading, the plates

experience a longer time period before losing 90% of their max-
imum displacement. This delay is primarily attributed to a re-

duction in the plate's stiffness, which subsequently leads to a

decrease in the system's damping. This reduction in damping

is a direct consequence of the increased power law index

— Inboth FG and FGP plates with piezoelectric layers, increasing
the power law index results in an increase in Ass and Asd .

— According to different configurations and the adding of piezoe-
lectric layers to the FGP plate, the maximum value of dynamic
displacement occurs when the piezoelectric layer (G-1195N) is
placed both on the top and bottom of the Functionally Graded
Piezoelectric Plate. In contrast, the minimum dynamic displace-
ment is observed when the piezoelectric layer (PZT-4) is placed
on the top and bottom of the plate. When both PZT-4 and G-
1195N are added to the plate, the dynamic displacement value
falls between the two previous configurations.

— For different thicknesses of piezoelectric layers, it can be ob-
served that as the thickness of the piezoelectric layer in-
creases, the maximum displacement of the plate decreases.
Furthermore, as the thickness of the piezoelectric layer in-
creases, the stiffness matrix (K) becomes larger and the damp-
ing matrix (C) increases, resulting in faster damping of the
plate's vibrations.

— Under electrical loading, Ass and Asd decrease with an in-
crease in the maximum power law exponent, indicating the stiff-
ening of the plate for this increment. Moreover, an increase in
the power law exponent results in faster damping of the plate's
vibrations.

This study emphasizes the importance of considering material
composition, thickness, aspect ratio, and boundary conditions in
the design and analysis of functionally graded piezoelectric plates.
The findings can guide engineers and researchers in developing
more efficient and reliable structures in areas such as aerospace,
energy harvesting, and vibration control. Future research may fo-
cus on exploring additional parameters and advanced numerical
techniques to further enhance the understanding and optimization
of these materials. The outcomes of this study have direct rele-
vance to the design of advanced smart structures, where function-
ally graded piezoelectric plates can be applied in aerospace com-
ponents for vibration suppression, in energy harvesting devices for
improved efficiency, and in precision sensors or actuators for bio-
medical and industrial applications. By clarifying how material gra-
dation and electrical loading affect dynamic behavior, the findings

acta mechanica et automatica, vol. 20 no.2 (2026)

provide practical guidance for engineers to optimize stiffness-to-
weight ratios, enhance durability, and achieve reliable performance
in real-world environments.
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